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We study whether Pareto-optimal stable matchings can be reached via pair-
wise swaps in one-to-one matching markets with initial assignments. We con-
sider housing markets, marriage markets, and roommate markets as well as
three different notions of swap rationality. Our main results are as follows.
While it can be efficiently determined whether a Pareto-optimal stable match-
ing can be reached when defining swaps via blocking pairs, checking whether
this is the case for all such sequences is computationally intractable. When
defining swaps such that all involved agents need to be better off, even deciding
whether a Pareto-optimal stable matching can be reached via some sequence is
intractable. This confirms and extends a conjecture made by Damamme et al.
(2015) who have shown that convergence to a Pareto-optimal matching is guar-
anteed in housing markets with single-peaked preferences. We prove that in
marriage and roommate markets, single-peakedness is not sufficient for this to
hold, but the stronger restriction of one-dimensional Euclidean preferences is.

1 Introduction

One-to-one matchings, where individuals are matched with resources or other individuals,
are omnipresent in everyday life. Examples include the job market, assigning offices to
workers, pairing students in working groups, and online dating. The formal study of
matching procedures is fascinating and has been of increasing interest within the computer
science and Al communities, because it leads to challenging mathematical and algorithmic
problems while being of immediate practical interest (see, e.g., Manlove, 2013; Klaus et al.,
2016).

One typically distinguishes between three different types of abstract one-to-one matching
settings. In housing markets (Shapley and Scarf, 1974), each agent is matched with an



object (usually referred to as a house). In marriage markets (Gale and Shapley, 1962),
agents are partitioned into two groups—say, males and females—and each member of one
group is matched with an agent from the other group. Finally, in roommate markets (Gale
and Shapley, 1962), all agents belong to the same group and each agent is matched with
another agent. By supposing that the agents are rational and want to maximize their
satisfaction, individual agreements may naturally occur among them and especially, for
realistic reasons, between small groups of agents. An important question, which is common
in multi-agent systems, is then whether sequences of such individual agreements can lead to
socially optimal outcomes. In many applications, it is reasonable to assume that there is an
initial assignment because agents already live in a house, are engaged in a relationship, and
are employed by a company (see, e.g., Abdulkadiroglu and Sénmez, 1999; Morrill, 2010).
Under these assumptions, we focus in this paper on atomic agreements which require the
least coordination: pairwise swaps.

In general, we consider three different types of individual rationality for pairwise swaps.
In housing markets, there is only one meaningful notion of swap rationality: two agents
will only exchange objects if both of them are better off. By contrast, when matching
agents with each other, one could require that all four agents involved in a swap or only
two of them are better off. The latter requirement allows for two kinds of swap rationality:
two agents who exchange their match are better off (e.g., a company and its subsidiary
exchange employees without asking their consent) or two agents who decide to form a new
pair are better off (e.g., two lovers leave their current partners to be together).

Social optimality in settings with ordinal preferences like that of matching markets is
measured in terms of Pareto-optimality. We therefore study whether there exists a sequence
of pairwise swaps that results in a Pareto-optimal matching that does not allow for further
swaps (and hence is called stable). Whenever all sequences of pairwise swaps are of this
kind, we say that the given type of swap dynamics converges.

It turns out that in all three types of matching markets and all three notions of swap
rationality, it may not be possible to reach a Pareto-optimal stable matching from the initial
assignment. We prove that deciding whether this is the case is NP-hard for two types of
swap rationality while it can be solved in polynomial time for swaps based on blocking
pairs. However, for all types of swap rationality, checking convergence is co-NP-hard. On
the other hand, we show that when preferences are one-dimensional Euclidean—a natural
but demanding restriction—swap dynamics for two types of swap rationality will always
converge.

2 Related Work

Damamme et al. (2015) investigated the dynamics of individually rational pairwise swaps
in housing markets, where two agents are better off by exchanging their objects. Recently,
variants of this problem that further restrict the agents’ interactions using underlying graph



structures have been examined (Gourvés et al., 2017; Saffidine and Wilczynski, 2018; Huang
and Xiao, 2019).

In marriage and roommate markets, most of the literature focuses on deviations based on
blocking pairs, where two agents decide to leave their old partners in order to be matched
with each other. Blocking pairs are best known for their role in the definition of stabil-
ity (Gale and Shapley, 1962), but some papers also studied the dynamics of blocking pair
swaps (Roth and Vande Vate, 1990; Abeledo and Rothblum, 1995). The notion of ex-
change stability, where two agents agree to exchange their partners has been investigated
in both roommate markets (Alcalde, 1994; Cechlarova, 2002) and marriage markets (Cech-
larova and Manlove, 2005). We consider both types of swaps, i.e., blocking pair swaps and
exchange rational swaps, but focus on the study of dynamics that reach Pareto-optimal
matchings.

In contrast to our definition of Pareto-optimality, some papers on swap dynamics have
investigated matchings that are Pareto-optimal among all reachable matchings (Gourveés
et al., 2017; Aziz, 2019). Other types of dynamics that have been considered in match-
ing markets include pairwise swaps without local rationality constraints (Aziz, 2019),
Pareto improvements (Morrill, 2010; Aziz et al., 2013), local dynamics based on under-
lying graphs (Hoefer, 2011; Hoefer et al., 2018), and exchanges among more than two
agents (Aziz and Goldwaser, 2017; Aziz, 2019).

Perhaps closest to our work is a result by Damamme et al. (2015) who proved that
swap dynamics always converge to a Pareto-optimal matching in housing markets when
the preferences of the agents are single-peaked. They left open the computational problem
of deciding whether a Pareto-optimal stable matching can be reached for unrestricted
preferences and conjectured this problem to be intractable. We solve this problem and
extend it to marriage and roommate markets. Moreover, we prove that their convergence
result for housing markets under single-peaked preferences does not extend to marriage
and roommate markets, but can be restored when restricting preferences even further.

3 The Model

We are given a set N of agents {1,...,n} and a set O of objects {o1,...,0,} such that
IN| = |O| = n. Each agent i € N has strict ordinal preferences, represented by a linear
order =;, over a set A; of alternatives to be matched with. In the matching markets we
consider, A; is either a subset of the set of agents N or the set of all objects O. A tuple of
preference relations == (>1,...,>,) is called a preference profile.

3.1 Matching Markets

In this article, we are considering three different settings where the goal is to match the
agents either with objects—like in housing markets—or with other agents—Ilike in marriage



or roommate markets. In all cases, we assume that there is an initial matching. More
formally,

e a housing market consists of a preference profile where A; = O for all i € N, and an
initial endowment given as a bijection u: N — O,

e a marriage market consists of a preference profile where N = WUM with WNM = (),
A; =M for all i € W and A; = W for all i € M, and an initial matching given as a
bijection u: W — M, and

e a roommate market consists of a preference profile with even n and A; = N \ {i}
for all ¢ € N, and an initial matching given as an involution y : N — N such that
p(i) # i for all i € N.

In marriage markets, we will sometimes denote the inverse function x~' of matching u
by w for the sake of simplicity.

When allowing for indifferences as well as unacceptabilities in the preferences, the three
settings form a hierarchy: housing markets are marriage markets where the “objects” are
indifferent between all agents, and marriage markets are roommate markets where all
agents of the same type are considered unacceptable. In this paper, however, we do not
make either assumption and therefore these inclusion relationships do not hold.

The key question studied in this paper is whether Pareto-optimal matchings can be
reached from the initial matching via local modifications. A matching is Pareto-optimal if
there is no other matching p’ such that for every agent i € N, p/(7) =; (i) and for at least
one agent j € N, p'(j) >=; p(j)-

Note that checking whether a given matching i is Pareto-optimal can be done in polyno-
mial time (see, e.g., Abraham et al. (2005) for housing markets and Abraham and Manlove
(2004) for roommate markets). Indeed, it suffices to determine the existence of a coalition
of agents who prefer to exchange their assignment in matching p via an envy graph.

3.2 Preference restrictions

We consider three restricted preference domains in this article: single-peaked prefer-
ences (Black, 1948), globally-ranked preferences and their common subdomain of one-
dimensional Euclidean preferences (Coombs, 1950). A preference profile - is single-peaked
if there exists a linear order > over the alternatives in A := J;c A; such that for each
agent ¢ in N and each triple of alternatives x,y,z € A; withz >y >zorz>y >z, >; y
implies y =; z. A preference profile > is globally-ranked (we also speak about correlated
markets (Ackermann et al., 2007)) if there exists a global order > over all possible pairs in
the matching market such that for every agent ¢ € N and any two alternatives z,y € A;,
x =; y iff {i,x} > {i,y}. Globally-ranked preferences impose no restriction in a housing
market (the agents are matched with objects which do not express preference), but may
capture in other markets the idea that each pair of agents generates an absolute profit and



thus each agent prefers the agents with who she can get a better profit. A preference profile
> is one-dimensional Euclidean (1-Euclidean) if there exists an embedding £ : NUO — R
on the real line such that for every agent i € N and any two alternatives z,y € A;, x >=; y
iff |[E(i) — E(x)| < |E(i) — E(y)|. More generally, a preference profile > is d-dimensional
Euclidean (d-Euclidean) if there exists an embedding £ : N UO — RY such that for every
agent ¢ € N and any two alternatives xz,y € A;, z =; y iff |E(i) — E(x)| < ||E(Z) — E(y)]-
Clearly, a d-Euclidean preference profile is also d’-Euclidean, for any d’ > d.

One-dimensional Euclidean preferences form a subdomain of single-peaked preferences
because every 1-FEuclidean preference profile is singled-peaked for the linear order > given
by ¢ > y iff E(z) > E(y). However, a single-peaked preference profile may not be 1-
Fuclidean, as illustrated in Example 1.

Observation 1. The 1-Fuclidean preference domain is strictly contained in the single-
peaked preference domain.

Example 1. Consider an instance with four agents. Each agent i € N has preferences
over the same set of alternatives A; = O = {01, 02,03, 04}.

1: 01 »= 0y > 03 > 04
2 o4 > 03 »= 02 »= 01
3: 0O > 03 »= 04 » O1
4. o3 > 02 > 01 » 04

Observe that this preference profile is single-peaked only with respect to the linear order
01 < 02 < 03 < o4 (or its reverse order) because of the preferences of Agents 1 and 2.
Suppose that this preference profile is 1-Euclidean with respect to an embedding F on the
real line. Then, without loss of generality, we can assume that F(o1) < E(o2) < E(03) <
E(o4). Since Agent 3 prefers oy to o3 and Agent 4 prefers o3 to 0z, it must hold that
E(3) < E(4). However, o4 >3 01, therefore E(o4) — E(3) < E(3) — E(01). It follows that
E(o4) — E(4) < E(4) — E(01), implying that Agent 4 prefers o4 to 01, a contradiction.

Note that this counterexample is minimal. For three agents, we build the embedding
based on the single-peaked axis over alternatives with equal distance between consecutive
alternatives. Then, if the most preferred alternative of agent i is the extreme-left (resp.,
extreme-right) one in the axis, then we embed agent ¢ on the left (resp., on the right) of
this alternative. Otherwise, we place agent 7 in the embedding between her most preferred
alternative and her second most preferred one and closer to her most preferred alternative.

Moreover, one-dimensional Euclidean preferences, and more generally d-Euclidean pref-
erences, form a subdomain of globally-ranked preferences: from a d-Euclidean preference
profile, a global ranking over all possible pairs can be extracted by sorting all pairs accord-
ing to the Euclidean distance on the embedding E between the two partners. However, a
globally-ranked preference profile may not be 1-Euclidean, as illustrated in Example 2.



Observation 2. The I-Fuclidean preference domain is strictly contained in the 2-
Fuclidean and the globally-ranked preference domains.

Example 2. Consider a roommate market with four agents. The preferences of the agents
are given below.

1: 2 - 3 = 4
2: 1 = 4 = 3
3: 4 = 1 = 2
4: 3 = 2 = 1

Observe that this preference profile is globally-ranked with respect to global order
{1,2} > {3,4} > {1,3} > {2,4} > {2,3} > {1,4}, and 2-Euclidean with respect to,
e.g., the following planar embedding.
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Suppose that this preference profile is 1-Euclidean with respect to an embedding E on the
real line. The two possible extremities of E are either (i) 1 and 4 or (ii) 2 and 3. In the first
case (i), we deduce from the preferences of Agents 1 and 4 that E(1) < E(2) < E(3) < E(4)
(or the reverse order). However, following such an embedding, Agent 2 must prefer Agent
3 to Agent 4, a contradiction. In the second case (ii), we deduce from the preferences
of Agents 2 and 3 that F(2) < E(1) < E(4) < E(3) (or the reverse order). However,
following such an embedding, Agent 1 must prefer Agent 4 to Agent 3, a contradiction.
Note that this counterexample is trivially minimal for a roommate market, since a smaller
counterexample would involve only two agents.

While 1-Euclidean preferences form a subdomain of both single-peaked preferences
and globally-ranked preferences, there is no relationship between single-peakedness and
globally-ranked preferences. Indeed, as shown in Example 2, a globally-ranked preference
profile may not be 1-Euclidean and thus may not be single-peaked. Reversely, a single-
peaked preference profile may not be globally-ranked, as illustrated in Example 3.

Observation 3. There is no relationship between the globally-ranked and the single-peaked
preference domains.

Example 3. Consider a roommate market with four agents. The preferences of the agents
are given below.
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Observe that this preference profile is single-peaked with respect to, e.g., the linear order
1> 2> 3> 4 (or its reverse order). Suppose that this preference profile is globally-ranked
with respect to a global order > over all possible pairs. It follows from the preferences
of Agent 2 that {2,3} > {1,2}, from the preferences of Agent 1 that {1,2} > {1,4},
and from the preferences of Agent 4 that {1,4} > {3,4}. By transitivity, we thus get that
{2,3} > {3,4}, a contradiction with the preferences of Agent 3 where 4 -3 2. Note that this
counterexample is trivially minimal for a roommate market, since a smaller counterexample
would involve only two agents.

We know that 1-Euclidean preferences are both globally-ranked and single-peaked. How-
ever, the reverse is not true: a globally-ranked and single-peaked preference profile may
not be 1-Euclidean, even in markets matching agents with each other, as we can observe
in Example 4.

Observation 4. The I-Fuclidean preference domain is strictly contained in the intersec-
tion of the globally-ranked and the single-peaked preference domains.

Example 4. Consider a roommate market with four agents. The preferences of the agents
are given below.
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Observe that this preference profile is single-peaked with respect to, e.g., the linear order
1> 2> 3> 4 (or its reverse order). Moreover, this preference profile is globally-ranked
with respect to the global order {2,3} > {2,4} > {1,2} > {1,3} > {1,4} > {3,4}.
Suppose that this preference profile is 1-Euclidean with respect to an embedding F on the
real line. The two possible extremities of E can only be 3 and 4, say E(3) < E(4). If
E(3) < E(1) < E(2) < E(4), then it contradicts the preferences of Agent 3 who prefers
Agent 2 to Agent 1. Otherwise, i.e., if E(3) < E(2) < E(1) < E(4), then it contradicts
the preferences of Agent 4 who prefers Agent 2 to Agent 1. Note that this counterexample
is trivially minimal for a roommate market, since a smaller counterexample would involve
only two agents.

Based on Observations 1-4, the inclusion relationships among the restricted domains
considered here can be depicted as shown in Figure 1.

While assuming that all agents have 1-Euclidean preferences certainly represents a strong
restriction, there are nevertheless some applications where this assumption is not unrea-
sonable. For example, in job markets, preferences could be 1-Euclidean because employees
prefer one workplace to another if it is closer to their home, or when pairing workers in
offices with a joint thermostat, workers could prefer co-workers whose most preferred room



Figure 1: Relationships between globally-ranked, single-peaked, and Euclidean preference
domains.

temperature is closer to their own. Moreover, when forming pairs of students for the re-
alization of a project, a student could prefer to be matched with a student who is most
productive during the same time of the day.

In this article, we focus on globally-ranked, single-peaked, and 1-Euclidean preference
restrictions. Note that all of them are recognizable in polynomial time: a polynomial-time
algorithm for checking single-peakedness is provided by Bartholdi, IIT and Trick (1986) and
has been improved by Escoffier et al. (2008), while polynomial-time algorithms for checking
the 1-Euclidean property have been proposed by Doignon and Falmagne (1994), Knoblauch
(2010), and Elkind and Faliszewski (2014). Moreover, checking whether a preference profile
is globally-ranked boils down to checking the acyclicity of the directed graph defined on
all possible pairs and where there is an arc from a pair {i,j} to a pair {4, k} if and only
if k >=; 7 (Abraham et al., 2007); this can thus be done in polynomial time. However, in
general, recognizing d-Euclidean preferences for d > 2 is intractable (Peters, 2017).

3.3 Rational Swaps

We study sequences of matchings in which two pairs of the current matching are permuted.
More formally, we assume that a swap w.r.t. two agents (i,j) transforms a matching pu
into a matching i/ where agents i and j have exchanged their matches, i.e., p/'(i) = u(j)
and p/(j) = p(i), while the rest of the matching remains unchanged, i.e., p/(k) = p(k) for

every k ¢ {1, j, (i), n(j)}-



i —— (i) —  matching p

j——— u(j) --  matching y after the swap w.r.t. pair (i, )

We furthermore require these swaps to be rational in the sense that they result from an
agreement among agents, and thus make the agents involved in the agreement better off.

The most natural notion of rationality in our definition of a swap is exchange-rationality,
which requires that the two agents who exchange their matches are better off (Alcalde,
1994). A swap w.r.t. agents (7, j) from matching p is exchange rational (ER) if the agents
who exchange their matches are better off, i.e.,

1(5) =i p(i) and p(i) =5 p(4). (ER-swap)

Exchange-rationality is the only meaningful notion of swap rationality in housing markets
because only one side of the market has preferences. However, several notions of rationality
emerge in marriage and roommate markets, where agents are matched with each other.
One could demand that only two of the agents who agree to form a new pair need to be
better off. This notion of rational swaps is based on the classic idea of blocking pairs, which
forms the basis of the standard notion of stability (Gale and Shapley, 1962). A swap w.r.t.
agents (7, ) from matching p between agents is blocking pair (BP) rational if one of the
new pairs in 4’ forms a blocking pair, where both agents are better off, i.e.,

[11(§) =i (@) and i =5y ] or  [p(i) = p(j) and j =) ] . (BP-swap)

We usually refer to a BP-swap by mentioning the associated blocking pair ((i, u(j)) or
(7,11(7))). The old partners of the blocking pair are also assumed to be matched together.!

Finally, in marriage and roommate markets, a stronger notion of rationality is that of a
fully rational swap, which makes all four involved agents better off. A swap w.r.t. agents
(7,7) from matching u is fully rational (FR) if all four agents involved in the swap are
better off, i.e.,

p(g) =i p(@), p(@) =5 p(d), J=p@ i and i >,z J- (FR-swap)
Note that for marriage and roommate markets, an FR-swap w.r.t. pair of agents (i, 7)
from a matching p is an ER-swap w.r.t. pair (4,7) or (u(i), u(y)) and also a BP-swap w.r.t
blocking pair (i, u(j)) or (7, (7). We thus obtain the following implications:
BP-swap <« FR-swap = FER-swap

The different types of swap rationality are illustrated in the following example.

!Once the old partners are alone, they have an incentive to form a new pair. Roth and Vande Vate (1990)
therefore decompose BP-swaps into two steps. We do not explicitly consider these steps in order to
always maintain a perfect matching (cf. Knuth, 1976).



Example 5. Consider a roommate market with six agents. The preferences of the agents
are given below, where the initial assignment is marked with frames.
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The swap w.r.t. pair (1,2), which matches Agent 1 with Agent 4 and Agent 2 with
Agent 3, is an FR-swap because every involved agent is better off. Hence, this is also an
ER-swap for pair (1,2) or (3,4) because they both prefer to exchange their partner. It is
also a BP-swap for blocking pair (2,3) or (1,4) because they both prefer to be together
than with their current partner.

The swap w.r.t. pair (1,6) is a BP-swap for blocking pair (3,6) because Agent 3, the
old partner of Agent 1, prefers to be with Agent 6, as well as Agent 6 who prefers 3 to her
old partner 5. This is not an ER-swap (and hence not an FR-swap) because neither the
agents in pair (1,6) nor in pair (3,5) want to exchange their partners.

The swap w.r.t. pair (4,6) is an ER-swap for (4,6) because Agent 4 prefers the current
partner of 6, i.e., Agent 5, to her current partner and 6 prefers the current partner of 4,
i.e., Agent 2, to her current partner. This is not a BP-swap (and hence not an FR-swap)
because it matches Agent 4 with Agent 5, who prefers to stay with her current partner,
and Agent 6 with Agent 2, who prefers to stay with her current partner.

Stability can now be defined according to the different notions of rational swaps. A
matching p is o-stable, for o € {FR, ER, BP}, if no o-swap can be performed from matching
p. A sequence of o-swaps, for o € {FR, ER, BP}, corresponds to a sequence of matchings
(u°, pt, ..., u") such that a o-swap transforms each matching p! into matching u‘*! for
every 0 < t < r. Then, matching p is o-reachable from initial matching p° if there exists a
sequence of g-swaps (u°, p!, ..., u") such that u” = u. When the context is clear, we omit
o and the initial matching z°.

A o-dynamics is defined according to initial matching p° and a type o of rational swaps.
The o-dynamics is finite if all associated sequences of o-swaps terminate in a o-stable
matching, and it is said to converge if it is finite for every initial matching u°.

In this article, we consider the following two decision problems related to the convergence
of dynamics to a Pareto-optimal matching.

J-0-PARETOSEQUENCE

Input: Matching market, type o of rational swaps

Question: Does there exist a sequence of o-swaps terminating in a Pareto-optimal o-
stable matching?
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V-0-PARETOSEQUENCE
Input: Matching market, type o of rational swaps
Do all sequences of o-swaps terminate in a Pareto-optimal o-stable matching?

In order to tackle these questions, we also study the stability and convergence properties
of the considered dynamics in the three types of matching markets.

4 Exchange Rational Swaps

In housing markets, every ER-swap represents a Pareto improvement. Hence, since the
number of agents and objects is finite, FR-dynamics always converges and the existence of
ER-stable matchings is guaranteed (simply because every Pareto-optimal matching hap-
pens to be ER-stable). However, it may be impossible to reach a Pareto-optimal matching
from a given matching by only applying ER-swaps.

Proposition 1. ER-dynamics may not converge to a Pareto-optimal matching in housing
markets.

Proof. Consider a housing market with n agents. The preferences of the agents are given
below, where the initial assignment is marked with frames and [...] denotes an arbitrary
order over the rest of objects.

1: (o) » - [..]
2:  (0g) > = [..]
3: (0 - [..]

n: > = [..]

Observe that no FR-swap is possible in this instance, therefore the initial matching
(framed objects) is the unique ER-reachable matching. However, there exists a unique
Pareto-optimal matching (circled objects), and this matching is different from the initial
one. Note that, in such an instance, even if exchanges involving up to n — 1 agents are
allowed, the Pareto-optimal matching will not be reached: the only ER-exchange would
involve all the n agents. O

Nevertheless, Damamme et al. (2015) have shown that FR-dynamics always converges
to a Pareto-optimal matching in housing markets when the agents’ preferences are single-
peaked.

In marriage and roommate markets, an ER-stable matching may not exist, even for
single-peaked preferences (Cechlarova (2002) and Alcalde (1994) provide counterexamples).
However, it turns out that, for globally-ranked preferences, an FR-stable matching always
exists, and, moreover, the convergence to such a matching is guaranteed.
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Proposition 2. ER-dynamics always converges in marriage and roommate markets for
globally-ranked preferences.

Proof. Denote by > the global order over all possible pairs such that the preferences of the
agents are globally-ranked with respect to this global order. Define as a potential function
f . — R the function which assigns to each matching the sum of ranks in order > of all
the assigned pairs in the matching, i.e., f(u) = > g 154 ()= Tank>({i,j})) with rank.
the function which gives the rank of the pairs in order >. Now consider a sequence of
ER-swaps given by the sequence of matchings (u°, !, ..., u"). Between each matchings
pt and p'tl with 0 < ¢t < r, an ER-swap is performed, say w.r.t. pair (,j) of agents.
That means, by definition of an ER-swap, that agents ¢ and j prefer to exchange their
partners in uf, and thus, p'(j) =; p'(i) and p'(i) =; p'(j). This implies, by correlation of
the preferences, that {i, u*(j)} > {i,u*(4))} and {j, u*(i)} > {4, '(5)}. But agents i and
pt(j) are matched in pf*!, as well as agents j and p(7). Since the rest of the pairs remains
unchanged between p! and p!*!, we get that f(u!™') < f(u'). Because the number of
different matchings is finite, we can conclude that FR-dynamics always converges. O

In general, an FR-stable matching may not be Pareto-optimal, and thus the convergence
to a Pareto-optimal matching is not guaranteed even when an ER-stable matching exists
(note that determining whether there exists an ER-stable matching is NP-hard in both
marriage and roommate markets (Cechlarova, 2002; Cechlarova and Manlove, 2005)).

Proposition 3. ER-dynamics may not converge to a Pareto-optimal matching, in mar-
riage and roommate markets, even when an ER-stable matching exists and for 2-Euclidean
preferences.

Proof. Consider a marriage market with three women and three men. The preferences are
given below and the initial assignment is marked with frames.

w1:>>m3 ml:

- = W
wy : @ - - ma mo : @ - > w3
ws @ - = mo ms : @ - - wr

No ER-swap is possible from the initial matching (framed agents), therefore the ini-
tial matching is the unique EFR-reachable matching. However, there is another matching
(circled agents) which is the unique Pareto-optimal matching. Note that this preference
profile is globally-ranked with respect to, e.g., the global order {wi,m1} > {wq,ma} >
{ws,m3} > {wi,ma} > {we,m3} > {ws,m1} > {wi,mz} > {we,m1} > {ws,ma} and,
even more, it is 2-Fuclidean with respect to, e.g., the following planar embedding.
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Now, consider a roommate market with six agents. Preferences of the agents are given
below, where the initial partner of each agent is marked with frames and [...] denotes an
arbitrary order over the rest of the agents.
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No ER-swap is possible from the initial matching (framed agents), thus the initial match-
ing is the unique ER-reachable matching. However, there is another matching (circled
agents) which is the unique Pareto-optimal matching. Note that this preference profile is
globally-ranked with respect to, e.g., the global order {4,6} > {1,3} > {3,4} > {2,5} >
{1,2} > {5,6} > [...] and, even more, it is 2-Euclidean with respect to, e.g., the following
planar embedding.

Both counterexamples are minimal because in a smaller instance, a matching would be
composed of exactly two pairs of agents and thus any swap would involve all the agents.
Therefore, a matching which Pareto-dominates a stable matching would make every agent
better off in comparison of the current stable one, and thus there would exist an ER-swap,
a contradiction. O

Note that the above preference profiles are not 1-Euclidean. In fact, they are not even
single-peaked. Again, more positive results can be obtained by restricting the domain of
admissible preferences.

Proposition 4. FEvery ER-stable matching is Pareto-optimal when preferences are single-
peaked in marriage and roommate markets.

13



Proof. Let p be an ER-stable matching. For any two agents ¢ and j (in N for roommate
markets, or both in either W or M for marriage markets) it holds that u(i) >=; p(j) or
p(j) >=; p(i). Suppose there is another matching p’ such that p/(¢) =; p(i) for every i € N
and there exists j € N such that p'(j) >; (). Then, there exists a Pareto improving cycle
from p to p' along agents (nq,...,ny) such that each agent n;, 1 <14 < k, is matched in p’
with agent fu(7(; mod k)+1). For marriage markets, the agents in (n1,...,n;) are restricted
by definition to only one side of the market, but it impacts both sides since the agents
exchange agents of the other side. But there is no problem of preferences of the matched
agents because no agent is worse off in i/ compared to u. The same holds for roommate
markets. Since p is ER-stable, it holds that £ > 2. However, for single-peaked preferences,
one can prove, by following the same proof by induction as Damamme et al. (2015), that a
Pareto improving cycle of any length cannot occur, contradicting the fact that p is Pareto
dominated. O

Propositions 2 and 4 allow us to conclude that sequences of ER-swaps will always ter-
minate in Pareto-optimal matchings when preferences are both single-peaked and globally-
ranked, like in 1-Euclidean preferences.

Corollary 1. ER-dynamics always converges to a Pareto-optimal matching in marriage
and roommate markets for 1-FEuclidean preferences.

For more general preferences, an interesting computational question is whether, given
a preference profile and an initial assignment, a Pareto-optimal matching can be reached
via ER-swaps. In the context of housing markets, the complexity of this question was
mentioned as an open problem by Damamme et al. (2015). It turns out that this problem
is computationally intractable for all kinds of matching markets considered in this paper,
even for globally-ranked preferences.

Theorem 1. 3-ER-PARETOSEQUENCE is NP-hard in housing, marriage, and roommate
markets even for globally-ranked preferences.

Proof. Let us first consider the case of housing markets. We perform a reduction from
2P1N-SAT, a variant of SAT known to be NP-complete (Yoshinaka, 2005), where the goal
is to decide the satisfiability of a CNF propositional formula where each variable appears
exactly twice as a positive literal and once as a negative literal. The idea of the proof is
close to the one given by Gourvés et al. (2017) for proving NP-hardness of determining
whether a given object is reachable by a given agent. From an instance of 2P1N-SAT with
formula ¢ on m clauses C1,...,C), and p variables x1,...,xz,, we build a housing market
(N, O, (=)ien, 1°) as follows.

For each clause Cj, with 1 < j < m, we construct two clause-agents in N denoted by
Aj and A’ and two clause-objects in O denoted by a; and a such that u(A;) = a;j and
,uO(A;-) = a/,. For each variable x;, with 1 < 7 < p, we construct six literal-agents in N

J

corresponding to two copies of each literal, namely agents Yf and Zf who correspond to
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the ¢ (¢ € {1,2}) positive occurrence of variable z; in formula ¢, denoted by z¢, and Y;
and Z; who correspond to the negative occurrence of variable z; in formula ¢, denoted by
T;; we also create their associated literal-objects yf, zf, y; and Z; such that ,uO(Yf) = yf,
p(zf) = 2f, p° (V) = 7 and p(Z;) = Z. The literal-agents are divided in two sets,
denoted by Y and Z, which correspond to the original agents and their copy, respectively,
ie, Y := U1§z‘§p{Y11aYiQ>?i} and Z := Ulgigp{Zi1>Zi277i}- Three additional agents B,
T and T’ are created in N, with their initial assigned objects denoted by b, t, and ¢/,
respectively.

The preferences of the agents are given below for each 1 <i < pand 1 < j < m (notation
[...]| denotes an arbitrary order over the rest of the objects, {y;} is an arbitrary order over
the literal-objects in y := U1§i§p{yz‘17 y2,7;+ associated with literals of clause C; and cl(¢;)

is the index of the clause in which literal ¢; appears).

T: ¢ ={wi}=[t]=[..] T: a, = {wi} =[] =[]

Aj: a;>{y]~+1}>t>{y]~}>>[...} A;: aj>{yj}>a§n>{yj+1}>>[...}
Am s b=t ={ym} = lam| =[] AL am = {9m} = lan =[]

Vi 2 aae = ageny =Tl - Lo | 2wl - T agg) - da) = ] ]
V32 z§>y}>acl(m?)>@>m>[...] VAR y§>@>y}>ad(m?)>>[...]
Yi: Zi=yl=[=1-.] Zit iyl

B: t>[b]~][..]

We claim that formula ¢ is satisfiable if and only if the matching assigning to each agent
her best object is reachable (this is the only Pareto-optimal matching). The global idea of
the reduction is that the only way to reach this Pareto-optimal matching is to make object
t reach agent A, by first giving to each clause-agent A;, via ER-swaps, a literal-object in
{y;}, objects associated with the literals of clause C;. Once object t reaches clause-agent
A, each agent except A/ exchanges with her prime version agent (agents Zil, Zi2, and Z;
are the prime versions of agents Yil, YZ-Z, and Y, respectively, and B is the prime version
of A,,,), and then the prime agents make among them the reverse sequence of swaps of the
initial one where the goal was to make object t reach A,,, leading to the Pareto-optimal
matching. By construction of the preferences among the literal-agents, once a literal-object
associated with a positive (resp., negative) literal of a variable has been chosen to go with
a clause-agent A;, no literal-object associated with a negative (resp., positive) literal of
this variable can reach a clause-agent.

Let us first assume that formula ¢ is satisfiable with truth assignment ¢. For each clause
Cj, let L; denote the literal-agent in Y who is associated with a chosen literal of clause
C; which is true in ¢, and ¢; her associated (and thus initial) literal-object, which thus
belongs to {y;}. For each clause C}, if L; corresponds to a positive literal, then L; directly
exchanges object ¢; with agent A;, otherwise, if L; = Y; for a given i such that 1 < i < p,
agent L; first exchanges her object with agent Y;? who then exchanges it with agent Y;!

(2
who then exchanges it with agent A;. Observe that all these swaps are exchange rational
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and eventually give to each agent A; an object associated with one of the literals of C}
which are true in ¢. At this point, we perform the sequence of swaps between the agents
{T, A1}, {A1, Ao}, ..., {Am—1, A}, which are exchange rational and lead to give object ¢
to agent A,,. Now, let agents T', Ay, Ao, ..., and A,,_1 exchange with their respective
prime version agent, i.e., agent T exchange with 7", A; with A} and so on, as well as
literal-agents in Y with their associated agent in Z, i.e., for every 1 < ¢ < p, agent Yf
exchange with agent Zf, for £ € {1,2}, and agent Y; exchange with agent Z;. Moreover,
let agent A,, exchange with agent B. Observe that all these swaps are exchange rational
and lead to give to each agent in {7, Ay,..., A, B} UY their best object. This is also
the case for agents in Z for which the associated agent in Y is not a chosen L; (or does
not correspond to the positive literal of a chosen negative L;). We then reproduce the first
sequence of swaps leading to give object t to agent A,, but in a reverse order and over
prime-version agents. Therefore, we get that agent 7" obtains object al,, and each agent
A;- first gets object £; and then, since each agent A; exchanges with the literal-agent in
Z who corresponds to the literal-agent in Y who has participated in the first sequence of
swaps to move object £;, we get that each agent A;- gets her best object, as well as agents
in Z, because their best object is the initial object of their associated agent in Y. Finally,
we have reached a matching where every agent is assigned her best object.

Let us now assume that the matching assigning to each agent her best object is reachable.
That means that agent B obtains object ¢, but the only way for her to get it in FR-swaps
is via agent A,,, because no other agent prefers object b to her initial object. Therefore,
object t, which is initially owned by agent T" must reach agent A,,. By construction of
the preferences of the agents, this can only be done via all the agents Ay, Ao, ..., Am_1,
who must have previously gotten an object within {y;} for each A;. This can only be
done by exchanging with agents in Y. Observe that a literal-object in y corresponding
to a negative literal, say ¥;, can reach an agent A; only via agent Yi2 and then agent Y;!.
Therefore, by exchange rationality of the swaps and construction of the preferences, if a
literal-object in y corresponding to a positive literal of a variable is chosen for reaching
a clause-agent, then the negative version of this object can never reach a clause-agent,
and vice versa if the negative version is chosen. It follows that we must have chosen one
literal-object per clause-agent and that, among all the chosen literal-objects, there cannot
be two of them which correspond to opposite literals. Hence, by setting to true all the
literals corresponding to chosen literal-objects, we get a truth assignment of the variables
which satisfies formula ¢.

To adapt the proof to the case of marriage and roommate markets, we now consider
the objects in O as agents. More precisely, we build a marriage market (N, (=;)ien, u°)
where N = M UW with W = {T,T", B,{Aj, A\ Ji<j<m, {Y;", Y2, Yi, Z}, Z}, Zi}1<i<p} and
M = {t,t,b, {aj,a;-}lgjgm,{y},y?,ﬁ, 21,22, Ziti<i<p}. The preferences of women over
men are the same as the preferences of agents over objects previously described, and the
preferences of men over women are described below for 1 < j < m and 1 < < p. Notation
{Y;} (resp., {Z;}) denotes an arbitrary order over the subset of literal-agents in Y (resp.,
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Z) that are associated with a literal of clause C; where each “negative” literal-agent Y;
(resp., Z;) is replaced by agent Y;! (resp., Z}). Moreover, Ay = T, A) = T’, and |...]
denotes an arbitrary order over the rest of the women.

t: BrAy=-= A =[T]=[..] t: T=[T]~]..]
aj i A= {25 = (Vi = A - -] af o Ap =AY -1
am: AL = {20} = (V) = A [ -] dy: T AL - - [A] =[]
yl: Z} =22 - Y72 - Aémz}) - A;l(m})i1 = A1 = Aaen = - 10 PRS2 771 P
yii Z2=Zi =Y - Aiz(z,?) - A’d(ﬁ)f1 = Ag@zy-1 = Aa@zy = 2~ -] 20 Y222~
Vit Zi- 2 2l Ay - Ay - A1 - Aa@ - Y- YE-T -] w5 Y- ()
b: Ap>-[B]-[...]
For roommate markets, we consider the same market but without distinguishing between
men and women. The only difference in the preferences is that [...] is an arbitrary order

over all the rest of the agents. In such a way, there is no incentive to partner with an agent
who belongs to the other side of the marriage market.

Note that the preferences are globally ranked with respect to, e.g., the following global
order: {t,B} > {b;An} > {t,An} > {b,B} > {t'\T} > {a,,, T} > {a;, Al}v; >
{d}, Ajlvjem > {Z,Yilvi > {WiZitvi > {Z5Y Yepoywi > W6 Z ey >
{v2, Zivwi > (i, Yitvi > {0, Z2 i > (Wi, Z Yvi > {7, Zitwi > {yi, Z2 b > {yd, Y >
{{v;}, Ajbvy > {a,, A} > - > Aag,, A} > {1 Ay by > {17 > {d), Al bvjcm >
{aa@y Zitvi > {aa@), Zvi > {aaes), Z2i > {2, Zepayw > ik Ajmidwy >
{t, A1} > - > {t, A} > (6T > {951 Aidvy > {aa@) Y v > {aaen, Yt >
{aa@), Y v > {ag, Ajdvy > {70 Y i > {00 Y > {00 Y ey > {00 Yidw >
[arbitrary order over the rest of pairs|, where an arbitrary order can be chosen when a set
of pairs is mentioned.

Given these preferences for both marriage and roommate markets, a swap is rational for
one side of the market if and only if it is also rational for the other side (in the constructed
roommate market, no EFR-swap can occur between two agents who were from two different
sides in the marriage market). In other words, the set of ER-swaps is identical to the set of
FR-swaps. Indeed, after any (possibly empty) sequence of swaps, one can observe that for
any agent 7, all the agents that are preferred to the current partner of agent 7 also prefer
agent ¢ to their current partner. Hence, the sequences of swaps that may occur are exactly
the same as in the proof for housing markets, which completes the proof. O

For housing markets, the size of a sequence of ER-swaps is bounded by O(n?) because
every agent involved in the swap is strictly better off. Therefore, since checking the Pareto-
optimality of a matching can be done in polynomial time, we also get membership in NP.

Corollary 2. 3-ER-PARETOSEQUENCE is NP-complete in housing markets even for
globally-ranked preferences.

Note that the model of swaps dynamics in housing markets used by Gourvés et al. (2017)
takes into account an underlying graph structure where two agents can exchange their
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objects only if they are connected in the graph. They notably investigate the complexity
of the problems of deciding whether a given agent can get a given object via a sequence of
swaps and whether a given assignment is reachable by a sequence of swaps. They left open
the complexity of these questions on a complete graph but the proof of Theorem 1 shows
that both problems are actually intractable.

Corollary 3. In housing markets, determining whether a given agent can get a given object
via a sequence of ER-swaps or whether a given matching can be reached via a sequence of
ER-swaps is NP-hard.

By slightly modifying the proof of Theorem 1, we can also show that it is hard to detect
a cycle in the ER-dynamics for marriage and roommate markets?.

Theorem 2. Determining whether ER-dynamics can cycle in marriage and roommate
markets is NP-hard.

Proof. Consider the instance of a marriage market used in the proof of Theorem 1 and
change the preferences of agents t and b by reversing the positions of agents B and A, in
their preference rankings. The formula of the 2P1N-SAT instance is satisfiable if and only
if agent t is reachable for agent A,,, configuration where agents A,, and B can exchange
their partners within an ER-swap whereas their partners can then perform an ER-swap to
come back to the previous matching. We thus get a cycle in the FR-dynamics. This is the
only possible cycle since all the other FR-swaps are F'R-swaps, that is they make all the
agents involved in the swaps better off. The same proof holds from the roommate market
build in the proof of Theorem 1. ]

It follows that determining convergence is hard for markets that match agents.

Corollary 4. Determining whether ER-dynamics is guaranteed to converge is co-NP-hard
i marriage and roommate markets.

Nevertheless, the problem of convergence to a Pareto-optimal matching is not only due to
convergence issues. For preferences more general than those restricted to the 1-Euclidean
domain, recognizing the instances where FR-dynamics is guaranteed to converge to a
Pareto-optimal matching is intractable, even when ER-dynamics always converges to a
stable matching.

Theorem 3. V-ER-PARETOSEQUENCE is co-NP-hard in housing, marriage, and roommate
markets even for globally-ranked preferences.

Proof. The proof is very similar to the one presented in Theorem 1. We first consider the
case of housing markets. We provide a reduction to the problem of deciding the existence

2Recall that there is no possibility of cycles in the ER-dynamics for housing markets. Indeed the dynamics
is proved to converge since an ER-swap makes every involved agent better off in housing markets.
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of a sequence of FR-swaps terminating in a matching which is not Pareto-optimal. From
an instance of 2P1N-SAT (Yoshinaka, 2005) with formula ¢ on m clauses and p variables,
we build a housing market (N, O, (=;)ien, u°) where the set of agents N and the set of
objects O are the same as in the proof of Theorem 1, except that agent B and object b
are not present. The preferences are only slightly different but, for the sake of clarity, we
explicitly present them below, for 1 < j < m and 1 < i < p (the notations are the same as
in the proof of Theorem 1).

T: t'={wi}t=[t]~][..] T: t={wi}=[{]~1[..]

Aj: a;>{yj+1}>t>{yj}>>[...] A;: aj>{yj}>t>{yj+1}>>[...]
Ay oah, =t = {ym} = lam] - [ -] AL am = I} - lal] =[]

Vi ozl - ag >ad($11)>m>>[...] A y}>@>ad(#)>acl@ >> [...]
Y72 z§>y}>acl(zg)>@>>[...] VAR yf>@>acl(z?)>y}>>[...}
Yi: Z-vyl-l-1[ -] Zi: yi=yl-E-[]

We claim that there exists a sequence of ER-swaps which does not terminate in a Pareto-
optimal matching if and only if formula ¢ is satisfiable. Observe that there exists a unique
Pareto-optimal matching which is the matching assigning to every agent her most preferred
object.

Suppose first that formula ¢ is satisfiable. Then, let us show that there exists a sequence
of FR-swaps which does not terminate in the matching where every agent gets her best
object. Following the arguments of the proof of Theorem 1, this is possible to make
object t reach agent A,,, where object t is the second most preferred object of agent A,,.
Afterwards, agent A,, cannot make any further FR-swap because no agent prefers object
t to her current assigned object, except possibly agents A; for 1 < j < m and agent T
but they cannot get object al, (which is less preferred than their initial object) which is
the only one that agent A,, prefers to ¢. Note that all the clause-agents A; get an object
that they prefer to object ¢ since they were all involved in the sequence of swaps leading
to pass object t from agent T to agent A,,. Therefore, the associated sequence of swaps
terminates in a matching where agent A,, can only get her second most preferred object,
and thus it is not Pareto-optimal.

Suppose now that formula ¢ is not satisfiable. According to the arguments of the proof
of Theorem 1, then this is not possible to make agent A,, get object . By construction of
the preferences, the sequence of ER-swaps between only agents and their prime versions
(recall that the prime version of an agent in Y is an agent in Z with the same indices)
trivially leads to give to every agent her best object. Note that a “prime” agent cannot
make swaps with another prime agent as long as she did not exchange with an “original”
agent. Moreover, this original agent must be her associated prime agent because, among
the prime objects, the original agents only prefer the object of their associated prime agent
over their initial object. Note that, after this swap, the original agents get their most
preferred object and thus are not involved in further swaps. Whatever the object owned
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by an original agent, a swap can occur with her associated prime agent because the prime
agent has not made previous swaps (as noted before) and the prime agent has reversed
preferences compared to the ones of the original agent, except for agents A,, and A}, who
have preferences which differ only with object ¢ (A!, does not prefer it to her initial object)
but this is not a problem since object ¢t cannot be reached by agent A,,. Therefore, at
the end of any sequence of swaps, each original agent gets her most preferred object. For
prime agents, if after the swap with their associated original agent, they do not get their
most preferred object, this is because their associated original agent made previous swaps
with other original agents. By reproducing the reverse sequence of swaps among the prime
agents, they get the initial object of their associated agent which is their most preferred
object. Note that at this point, there is no other sequence of swaps which can be applied
without leading to give to each prime agent her most preferred object. Indeed, if it were
the case, then, by construction of the preferences, there would still be a possible swap.
Hence, all sequences of ER-swaps terminate in the Pareto-optimal matching.

To adapt the proof to the case of marriage and roommate markets, we now consider the
objects in O as agents. More precisely, we build a marriage market (N, (=;)ien, u°) where
N = MUW with W = {T,T',{A;, Al h<jem {Y;, Y2, Y, 2}, 22, Zi1<i<n} and M =
{t,t, {aj,a;-}lgjgm,{yil,y?,ﬂ, 2}, 22, Zit1<i<n}. The preferences of women over men are
the same as the preferences of agents over objects previously described, and the preferences
of men over women are described below for 1 < j < m and 1 < i < p (the notations are
the same as in the proof of Theorem 1).

te T Al = A =A== A= [T L] t: T=[T]=1[..]
aj: A;>-{ZJ}>-{))]}>->-[] Aj>->-[...]

S]
<~

yl: zl - 3} >Zﬁ - A/cz@,}) - A’d(mbi1 = Ageny—1 = A = Y - [ 2 v -2l -1
Y2 i? -7 =Y, - A:}l(x% - A;l(z%)_] = Aggzy—1 = Ay = Y2 =[] B 22 EQ > =[]
Vit Zi- 22 I Ay = Ay - Agan1 - Aany - Y- Y- ()| B Y- [Z]- 1]
For roommate markets, we consider the same market but without distinguishing between
men and women. The only difference in the preferences is that [...] is an arbitrary order

over all the rest of the agents. In such a way, there is no incentive to partner with an agent
who belongs to the other side of the marriage market.

Note that the preferences are globally ranked with respect to, e.g., the following global
order: {t,T'} > {aj, AiYv; > {vi, Z e oy > Wi Zitwi > {, T} > {d}, Aj}y; >
(LY Y ey > {7 Yl > U0 22 > W 21w > W2 Zidvi > {¥2.Yilw
{aa@n Ziteen v > {aamy) Zitvi > {928 > {9, > {aa@, '
{acl(mf)vyz‘g}w > {{yj}vA;'}Vj > {t, A} > - > {t7A;n—1} > {{yj}’A;‘—l}Vj
{oih, Ajidvy > (L AR} > - > {t A} > {{sih Aidyy > 7Y e > {70 Y v
{t.Ty > Haj, Ajly; > {’yf’yf}m{m},w > {7, Yilvi > {¢, 7'} > {ag'vA;'}Vj
{2, Zf}ge{172}7vl- > {Z;, Z; }vi > [arbitrary order over the rest of pairs|, where an arbitrary

vV V V VYV
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order can be chosen when a set of pairs is mentioned.

Given these preferences for both marriage and roommate markets, a swap is rational for
one side of the market if and only if it is also rational for the other side (in the constructed
roommate market, no FR-swap can occur between two agents who were from two different
sides in the marriage market). In other words, the set of FR-swaps is identical to the set
of FR-swaps. Indeed, after any sequence of swaps (even possibly empty), one can observe
that for any agent 4, all the agents that are preferred to the current partner of agent i also
prefer agent ¢ to their current partner. Hence, the sequences of swaps that may occur are
exactly the same as in the proof for housing markets, which completes the proof. O

Since the size of a sequence of ER-swaps is bounded for housing markets and checking
Pareto-optimality can be done in polynomial time, we get membership in co-NP.

Corollary 5. V-ER-PARETOSEQUENCE is co-NP-complete in housing markets even for
globally-ranked preferences.

5 Blocking Pair Swaps

BP-swaps cannot occur in housing markets because objects can never be better off. We
therefore focus in this section on matching markets that match agents with each other.

First, by definition of a blocking pair, any BP-stable matching is Pareto-optimal. Indeed,
consider a stable matching p which is Pareto-dominated by matching /. Then, there exists
an agent 7 such that p'(7) =; p(7). Since no agent is worse off in y/ compared to py, it follows
that for agent j such that j = p/(¢), it holds that p'(j) =; u(j). But p'(j) # p(j) because
i = p/(4) is strictly better off in /. So, (7, ) forms a blocking pair for matching p, leading
to contradict its stability.

Observation 5. Fvery BP-stable matching is Pareto-optimal.

Moreover, a BP-stable matching always exists in marriage markets by the Deferred
Acceptance algorithm (Gale and Shapley, 1962). However, the convergence to such a state
is not guaranteed, even for single-peaked preferences (Knuth, 1976). For the sake of clarity,
we reproduce such a cycle in BP-dynamics for single-peaked preferences in Example 6.

Example 6. Consider a marriage market with three women and three men. The prefer-
ences of the agents are presented below, with the illustration of a cycle in BP-dynamics.
The current matching is marked with framed agents. The deviations are represented by
arcs labeled with the blocking pair.
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( ) w1 ma - ms - mo miy : ws > w1 - wa
wi, MM
1,713 wo: M3 = |mi] =  mag me: Wy > - wo
w3 ms3 > mi - moy ms : w1 - w3 - wa
w1 mi - ms mi w3 - w1 wa

- -
we: Mg = = Mo | ma: = w3z = wa (w1, my)
- -

ws - ms - ma mo ms w1 - w3 Wo
w1 mi = m3s > mo mp: w3 > w1 - Wa
(’U)3, mg) wy ms - mq - mo meo @ W1 - w3 - wo
w3 ms - mp > mo m3: wyp > w3 - wWo
wy:  mp »=  m3 = my w3| = wp > ws
wy = mp = ma mp:o Wi = w3 > W (ws, m1)
ws . ms - mi - mo ms : w1 - w3 > W

Note that the preferences of the agents are single-peaked with respect to, e.g., the linear
order wg > w1 > we > mg > mq > my. Nevertheless, in this instance, there is a path of
blocking pairs swaps which leads to a stable state. More precisely, by executing the swaps
defined by the following sequence of blocking pairs, ((w1,m1), (w3, m), (w1, m3)), we reach
matching {(w1,ms), (w2, m2), (w3, m1))}, which is BP-stable.

Nevertheless, there always exists a sequence of BP-swaps leading to a stable match-
ing (Roth and Vande Vate, 1990).3

In roommate markets, even the existence of a BP-stable matching is not guaranteed (Gale
and Shapley, 1962), and actually this is the case even for single-peaked preferences. Nev-
ertheless, checking the existence of a stable matching in a roommate market can be done
in polynomial time (Irving, 1985), and there always exists a sequence of BP-swaps leading
to a stable matching when there exists one (Diamantoudi et al., 2004). Therefore, by com-
bining these facts with the observation that every BP-stable matching is Pareto-optimal,
we get the following corollary.

Corollary 6. 3-BP-PARETOSEQUENCE is solvable in polynomial time in marriage and
roommate markets.

However, in general, determining whether all sequences of BP-swaps terminate in a
Pareto-optimal matching, i.e., checking convergence of BP-dynamics to a Pareto-optimal
matching, is hard. This is due to the hardness of checking the existence of a cycle in
BP-dynamics.

Theorem 4. Determining whether BP-dynamics can cycle in marriage and roommate
markets is NP-hard.

3 Assuming that the old partners also form a new pair does not affect this result.
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Proof. We perform a reduction from (3,B2)-SAT, a variant of 3-SAT known to be NP-
complete (Berman et al., 2003), where the goal is to decide the satisfiability of a CNF
propositional formula with exactly three literals per clause and where each variable appears
exactly twice as a positive literal and twice as a negative literal. From an instance of
(3,B2)-SAT with formula ¢ on m clauses C1,...,Cy, and p variables z1,...,z,, we build
a marriage market (N = W U M, =, u°) as follows.

For each clause C;, with 1 < j < m, we create four clause-agents A;, B;, @), and Kj,
where A;,Q; € W and Bj, K; € M. For each occurrence of variable z;, with 1 <17 < p,
we create two literal-agents, i.e., agents Zf, Df e W, and Y;e,Ef € M for the ¢ positive
literal ¢ of x;, with ¢ € {1,2}, and Zf,ﬁf € W, and ?f,Ef € M for the /" negative
literal Ef of z;, with £ € {1,2}. Denote by A, B, Q, K, D, E, Y, and Z the sets of agents
associated with the same letter.

The preferences of the agents are given below, for 1 < i < p, 1 < j < m, and £ €
{1, 2}, with the initial assignment marked with frames. Notation {Y;} (resp., {D;}, {&;},
and {Z;}) refers to an arbitrary order over the literal-agents in Y (resp., D, E, and Z)
corresponding to the literals of clause Cj, and [...] is an arbitrary order over the rest of
the agents of the other type. In general, when a set is given in the preferences, it refers to
an arbitrary order over its elements minus the elements of the set already explicitly given
in the rest of the preference ranking. Notation cl(¢;) refers to the index of the clause in
which literal ¢; appears. Note that Ay (resp., By) stands for A, (resp., By,) and {YVmn+1}
stands for {);}.

Aj: AV} = {Y;} = [Bj] - B> [...] \ Bi: [A-A={Zia} {2}~ [...]
AR ?2>?§>Y1>> v': [DI - {Dy 1)}>Q>71>7Q>
Y>B( )>_Bcl(:r) 1= ] Acl(x = Al 1>Z >_ch(1: =[]
72 Y-V, >Y2> Y2: D= {Dy z)}>-Q>Z -7, -
Y>'Bcl(x2)>_Bcl($i)71>'["'} Acz(zi)>Acz(T,) 1= 27 = Queezy - -]
7! Yi1>Yf>Yi>> Y, : >{D 1)}>Q>Zl>Z2
Y - By = Ba@y-1 >~ [ Acz(@l)>Acz(x) =7 = Q@ ~ [
Zf: Y;2>Y;1>?f>> ?f: >{D 2)}>Q>ZQ>Zl
Y - Byg2) = By@z)—1 - [ Acl(f?)>_Acl(:r) - Z; = Qa@2) =[]
Df: Ky Y=Y ~[..] Ef: ch(zg)>>y>[~-]
D, Kcl(§§)>>Y>[...] E;: ch@g)>>Y>[...]
Qj+ AV} =K = {&} | K;: {D;} (@]

We claim that BP-dynamics can cycle if and only if formula ¢ is satisfiable. The global
idea of the reduction is the following. At the initial matching, the only possible BP-
swaps involve blocking pairs with literal-agents in D and clause-agents in K associated
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with the same clause. By their swap, a literal-agent in D associated with clause C; and
clause-agent K can “unlock” exactly one literal-agent in Y associated with clause C; who
will not be matched with her most preferred agent anymore, and thus could have an
incentive to form a blocking pair. By construction of the preferences, the only possibility
to get a cycle in BP-dynamics is that, for each clause C, exactly one literal-agent Y;
in Y associated with Cj is unlocked and the cycle involves a sequence of blocking pairs
(A;,Y;), (A5,Y41), (Aj41,Yj41), ... (with j + 1 modulo m) all along the m clauses. For
this cycle to occur, the unlocked literal-agents in Y must have been matched with their
associated agent in Z. Therefore, two unlocked literal-agents in Y participating in the
cycle cannot correspond to opposite literals, otherwise one of them would be matched at
a moment of the cycle with an agent in Z corresponding to her opposite literal, and thus
would not agree to form a blocking pair with a clause-agent.

Let us first assume that there exists a truth assignment ¢ of the variables such that
formula ¢ is satisfiable. For each clause Cj}, let us denote by Y; a chosen literal-agent in
Y such that the associated literal belongs to C; and is true in ¢. The agent in Z (resp.,
D and E) corresponding to the same literal is denoted by Z; (resp., D; and E;). For each
1 < j < m, let us perform the BP-swap with respect to blocking pair (D;, K;), which
matches D; with Kj, and Y; with @;. Then, for each 1 < j < m, let us perform the
BP-swap with respect to blocking pair (Z;,Y;), which matches Z; with Y;, and E; with Q.
At this point, we reach a matching p where exactly one literal-agent in Y per clause is
matched with her associated literal-agent in Z, while all the other literal-agents in Y are
matched with their best partner.

Let us consider the following sequence of blocking pairs: (Aj, Y1), (A1,Y2), (A2, Ya),
(A2,Y3), (As3,Y3),. .., (Am, Ym), (Am, Y1). Let use denote by ' the matching reached after
one iteration of this sequence of BP-swaps. One can observe that, by repeating the sequence
of BP-swaps corresponding to this sequence of blocking pairs m times from matching u,
we come back to the matching reached after the first sequence of swaps, i.e., matching
w'. Tt is easy to verify that all the swaps involved in the sequence are BP-swaps. Indeed,
before the first iteration, agent A; is matched with agent B; but prefers to be with an
agent in {))1 }, to which agent Y; belongs. In the same time, agent Y; prefers to be with the
clause-agent in A corresponding to the clause to which her associated literal belongs, i.e.,
Aq, than being with her current partner Z;. Therefore, the swap with respect to blocking
pair (A1,Yy1) is a BP-swap which matches A; with Y; and By with Z;. The second swap
involves agent A;, who even prefers to be with a literal-agent associated with clause Co,
and Yo, who also prefers to be with the clause-agent indexed just before the clause to which
her associated literal belongs, i.e., C7, than with her current partner Zo. This swap matches
Ay with Yo and Y; with Zy. The process continues in the same way by assigning at each
step one clause-agent in A with one literal-agent in Y, all the rest of clause-agents in A
with clause-agents in B, one clause-agent in B with one literal-agent in Z (i.e., B; with
Z1), and all the other literal-agents in Y with literal-agents in Z. The partners in Z of
agents from Y correspond either to the same literal if the agent in Y has not been involved
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in a swap yet, or to one of the chosen true literals in ¢. Since there are no two opposite
. . . 24 .
literals which are both true in ¢, an agent Yf (resp., Y;) corresponding to an Y; for some

clause C; cannot be matched during this process with an opposite literal-agent Zf (resp.,
Zf/). Therefore, any such agent Yf (resp., ?f), corresponding to an Y;, is matched, before

being matched with A;_;, with an agent in Z who is different from ?f’ (resp., Yf’) that
she prefers less than A;_1, making this swap BP-rational. After the first “round” of swaps,
where all BP-swaps in the sequence of blocking pairs have been performed once, we need
m — 1 new rounds with the same sequence of BP-swaps to come back to this matching, in
order to let the chosen agents in Z reach the same partners in Y (there is only a shift of
one clause per round for these agents). Finally, we have a cycle in BP-dynamics.

Let us now assume that there exists a cycle in BP-dynamics. First of all, observe that
in the initial matching, only the agents in D and K are able to form a blocking pair. They
cannot be involved in the cycle of the dynamics because they both agree that their best
partner is within the set of agents with the same clause index in the other set. Observe

that such a BP-swap w.r.t. blocking pair (Df,KCl(xz{)) (resp., (ﬁf,Kd@g))) matches Y}

(2
(resp., ?f) with Q¢ (resp., Q) and thus “unlocks” agent Y’ (resp., ?f), in the sense that
she will be able to make further BP-swaps since she is not matched with her best partner
anymore. Note that at most one literal-agent in Y per clause C; can be unlocked. Indeed,
at this point, such a literal-agent in ¥ can only be matched with a partner in {D;} or with
Q;. If she is matched with an agent in {D;}, then no swap in a blocking pair from her
or from this agent will assign her a partner outside {D;}, and {D;} are her best possible
partners, so she has no incentive to form a blocking pair with other agents.

We recall that so far the cycle has not begun yet. Now, the unlocked literal-agents in
Y are able to exchange with agents in Z or A, which is the only way to get a cycle, since
a cycle cannot occur within D, F, ), or K, regarding the current assignment and the
construction of the preferences of these agents. If the literal-agents in Y directly exchange
with the clause-agents in A, a cycle cannot occur because the literal-agents in Y would
exchange their partners in () and, by construction of the preferences, once a literal-agent in
Y is matched with a clause-agent in ) with a different clause-index from her own associated
clause, she will not be involved in a further swap. Therefore, the unlocked literal-agents
in Y must be paired first via a BP-swap with the literal-agent in Z associated with the
same literal (they could also make a BP-swap with a literal-agent in Z associated with an
opposite literal but it would prevent them to perform further swaps, by construction of
the preferences). Now, the only possible BP-swaps which would not block a cycle involve
unlocked agents in Y and clause-agents in A. Let us denote by L; an unlocked agent in
Y associated with clause C;. Such an L; can be matched via a BP-swap to clause-agent
Aj or Aj_1. In the first case, the only possibility for the two agents to not be together
anymore is because of a BP-swap of A; with unlocked agent L;,. After such a swap, A;
has no incentive to change her partner so the only possibility for this partnership to break
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is that the unlocked agent L, 1 makes a BP-swap with A;,; and then we get back to the
first case for L;y1 and A;;. By construction of the preferences, the only way to get a
cycle is to continue like this until we get back to the case of A; and L; (note that Ly,41
is L1). If we are in the second case, as we previously stated, L; has an incentive to leave
Aj_1 to go with A; via a BP-swap and then we get back to the first case.

Therefore, to come back to a previous matching we need an alternation of BP-swaps
along the unlocked agents in Y and clause-agents in A in such a way that each agent will
participate every time in two consecutive blocking pairs, i.e., L; forms a blocking pair with
Aj; who then forms a blocking pair with L;;; who then forms a blocking pair with A;
and so on. In order to get a cycle, it follows that there must be exactly one unlocked agent
in Y per clause.

Observe that, in order to come back to a previous matching, the matched agents in Z of
the unlocked agents in Y must be successively matched with each of the unlocked agents
in Y. Therefore, there are no two unlocked agents in Y associated with opposite literals,
otherwise at a moment, an unlocked agent in Y would be matched with an agent she prefers
to the clause-agents in A and thus a cycle could not occur.

To summarize, by setting to true the literals associated with the unlocked agents in Y,
we get a valid truth assignment of the variables which satisfies all the clauses.

This proof can be adapted to roommate markets by assuming that, in the preferences,
[...] is an arbitrary order over the remaining agents where the agents of the same “type”
in the marriage market are ranked last. In such a way, there will be no more swap than
in the constructed marriage market since no agent has an incentive to be matched with an
agent who was of the same type in the marriage market. O

Corollary 7. V-BP-PARETOSEQUENCE is co-NP-hard in marriage and roommate markets.

Nevertheless, when the preferences are globally-ranked, we can always reach a stable
matching thanks to BP-dynamics in both settings. Indeed, it has been proved that BP-
dynamics always converges in marriage markets with globally-ranked preferences (Acker-
mann et al., 2011). In roommate markets, there always exists a unique BP-stable match-
ing under 1-Euclidean preferences (Arkin et al., 2009). We prove that convergence to this
matching is guaranteed using a potential function argument, and further, this holds for
more general preferences, namely globally-ranked preferences.

Proposition 5. BP-dynamics always converges in roommate markets for globally-ranked
preferences.

Proof. Denote by > the global order over all possible pairs such that the preferences of the
agents are globally-ranked with respect to this global order. Let d(u) be the n/2-vector
of the ranks in > of all the different pairs of u, ie., d(u) = (ranks({i,5}))i; st. u(i)=;
with ranks the function which gives the rank of the pairs in order >. Now consider
a sequence of BP-swaps given by the following sequence of matchings (u°, u', ..., u").
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Then, between each pair of matchings p! and p!*! with 0 < t < r, a BP-swap is per-
formed, say w.r.t. blocking pair (i, j) of agents. By definition of a BP-swap, agents i and
j prefer to be together than being with their partner in pf, so j = p**1(i) =; uf(i) and
i = u't1(4) =, p'(j), which implies, by correlation of the preferences, that {i,5} > {i, u'(i)}
and {i,75} > {j,p'(j)}. Therefore, (ranks({i,j}), ranks({ut(i), u*(j)})) is lexicographi-
cally strictly smaller than (ranks ({7, u*(i)}), ranks ({j, u*(j)})). Since the rest of the pairs
remains unchanged between uf and pf*1, it follows that d(u!*1) is lexicographically strictly
smaller than d(u'). Because the number of different matchings is finite, we can conclude

that BP-dynamics always converges. O
Since every BP-stable matching is Pareto-optimal, we obtain the following corollary.

Corollary 8. BP-dynamics always converges to a Pareto-optimal matching in marriage
and roommate markets when the preferences are globally-ranked.

6 Fully Rational Swaps

Just as in the case of FR-swaps and housing markets, FR-swaps always represent Pareto
improvements because all involved agents are strictly better off after the swap. Hence,
FR-stable matchings are guaranteed to exist because every Pareto-optimal matching is
FR-stable and FR-dynamics always converges because the number of agents is finite.

In Section 4, we have shown that EFR-dynamics always converges to a Pareto-optimal
matching when the preferences of the agents are 1-Euclidean. It turns out that this does
not hold for FR-dynamics.

Proposition 6. A sequence of FR-swaps may not converge to a Pareto-optimal matching
i marriage and roommate markets, even for 1-FEuclidean preferences.

Proof. Consider a marriage market with three women and three men. The preferences are
given below, where the initial assignment is marked with frames.

wy @ b = M2 mi : @ > = Wo
wy : @ - my - moy : @ - wp -
ws @ - =  ms3 m3 : @ - - w3

The initial matching is the only reachable matching, because no FR-swap is possible in
this matching. However, there is another matching (circled agents) which is not reachable
but which Pareto dominates this only reachable matching. The preferences are 1-Euclidean
w.r.t. the following embedding on the real line.
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Now, consider a roommate market with six agents. The preferences of the agents are
given below, where the initial assignment is marked with frames.

1: @ > 3 = 4 = 5 » [0
2: O = - 4 = 5 > 6
3: @ - 2] - 1 = 5 > 6
4: 3 - 2 > - 1 > 6
5: 6 - [4 - 3 > 2 = 1
6: ® > 4 = 3 » 2 >

The initial matching is the only reachable matching, because there is no FR-swap from
this matching. However, there is another matching (circled agents) which is not reachable
but which Pareto dominates this only reachable matching. The preferences are 1-Euclidean
w.r.t. the following embedding on the real line.

%% lllllli
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Note that both counterexamples are minimal because in a smaller instance, a matching
would be composed of exactly two pairs of agents and thus any swap would involve all
the agents. Therefore, a matching which Pareto-dominates a stable matching would make

every agent better off in comparison of the current stable one, and thus there would exist
an FR-swap, a contradiction. ]

The proofs of Theorems 1 and 3 only dealt with instances in which FR-swaps are identical
to ER-swaps. We thus immediately obtain hardness of 3-FR-PARETOSEQUENCE and V-
FR-PARETOSEQUENCE. An FR-swap makes four agents strictly better off and no agent
worse off, thus the size of a sequence of FR-swaps is bounded by O(n?). Moreover, the
Pareto-optimality of a matching can be checked in polynomial time, therefore we get the
membership of the problems to NP and co-NP, respectively.

Theorem 5. 3-FR-PARETOSEQUENCE is NP-complete in marriage and roommate markets
even for globally-ranked preferences.

Theorem 6. V-FR-PARETOSEQUENCE is co-NP-complete in marriage and roommate mar-
kets even for globally-ranked preferences.

7 Conclusion

We have studied the properties of different dynamics of rational swaps in matching markets
with initial assignments and, in particular, the question of convergence to a Pareto-optimal
matching. For all considered settings, the dynamics may not terminate in a Pareto-optimal
matching because (i) there is no stable matching, (i) the dynamics does not converge, or
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Market Preferences  Exchange Rational Swaps Blocking Pair Swaps Fully Rational Swaps
General / GR HEO (Prop. 1)

Housing SP HEE (Damamme et al., 2015)
1-D NN
General ood B0 (Gale and Shapley, 1962) HEC]
Marriage GR HE] (Prop. 2 and Prop. 3) HEE (Cor. 3) HEC
SP OO0 (Cechlarova, 2002) B0 | [
1-D HEN Cor. 1) HEN HEEL] (Prop. 6)
General ood OO0 (Gale and Shapley, 1962) R
Roommate GR EB(] (Prop. 2 and Prop. 3) HEE Cor. 3) | |
SP 00O (Alcalde, 1994) 0od | [
1-D HEE Cor. 1) L] ] ] HE] (Prop. 6)

Table 1: Summary of the results on the ezistence of a stable matching (BOO), the guarantee
of convergence to a stable matching (HMO), and the guarantee of convergence
to a Pareto-optimal matching (HEM) for the three different matching markets
under study, according to different types of rational swaps and under different
preference domains (General, globally-ranked (GR), single-peaked (SP), and 1-
Euclidean (1-D)). All results are tight and we always list the strongest property
that is satisfied. The only meaningful type of rational swaps in housing markets
are exchange-rational swaps; hence, the empty spaces.

(iii) the stable matching that is eventually reached is not Pareto-optimal. An overview of
our results is given in Table 1.

Computationally, determining whether there erists a sequence of rational swaps termi-
nating in a Pareto-optimal matching is NP-hard for fully rational swaps and exchange ratio-
nal swaps in all matching markets even for globally-ranked preferences (Theorems 1 and 5).
For swaps based on blocking pairs, this problem can be solved efficiently (Corollary 6).
However, the convergence to a Pareto-optimal matching, that is whether all sequences of
swaps terminate in a Pareto-optimal matching, is co-NP-hard to decide (Corollary 7). Not
surprisingly, the same hardness result holds for fully rational and exchange rational swaps,
even for globally-ranked preferences (Theorems 3 and 6). Our computational results are
summarized in Table 2. Even if the existence of a sequence of swaps terminating in a
Pareto-optimal matching is not guaranteed for single-peaked preferences in marriage and
roommate markets, it would be interesting to know whether this preference restriction is
nevertheless sufficient for efficiently solving our computational problems in these markets.

The convergence to a Pareto-optimal matching in housing markets for exchange rational
dynamics and single-peaked preferences (Damamme et al., 2015) does not hold for more
general settings where the “objects” are agents who have preferences. However, this con-
vergence is guaranteed under 1-Euclidean preferences in marriage and roommate markets.
Hence, the generalization of this convergence result to more general settings requires more
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Exchange Rational Swaps Blocking Pair Swaps Fully Rational Swaps

Market Prefs J-ParetoSeq V-ParetoSeq I-ParetoSeq V-ParetoSeq 3-ParetoSeq V-ParetoSeq
General / NP-c. co-NP-c.
Housing GR (Cor. 2) (Cor. 5)
Sp in P in P
(Damamme et al., 2015)
General NP-h. co-NP-h. in P co-NP-h. NP-c. co-NP-c.
Marriage /| Lo (Th. 1) (Th. 3) (Cor. 6) (Cor. 7) (Th. 5) (Th. 6)
Roommate GR NP-h. co-NP-h. in P in P NP-c. co-NP-c.
(Th. 1) (Th. 3) (Cor. 6) (Cor. 8) (Th. 5) (Th. 6)

Table 2: Summary of the computational results on the existence (3-ParetoSeq) or the guar-
antee (V-ParetoSeq) of sequences of rational swaps terminating in a Pareto-optimal
matching for the three different matching markets under study, according to dif-
ferent types of rational swaps and under different preference domains (General,
globally-ranked (GR), and single-peaked (SP)). The only meaningful type of ra-
tional swaps in housing markets are exchange-rational swaps; hence, the empty
spaces.

structure in the preferences.
A natural extension of this work would be to study meaningful dynamics for hedonic
games, where agents form groups consisting of more than two agents.
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