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for all utility functions ⇔ stochastic dominance:

p % q iff
∑
p(x)u(x) ≥

∑
q(x)u(x) for all consistent u

⇔ p % q iff
∑

y%x p(y) ≥
∑

y%x q(y) for all x.
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1/2 a + 1/2 c ≺1 a manipulable!

Efficiency
For all R ∈ RN : maxq,r

∑
i∈N
∑

x∈A ri,x = 0 subject to∑
y%ix

qy − ri,x=
∑

y%ix
py for all x ∈ A, i ∈ N ,∑

x∈A qx = 1, qx≥ 0 for all x ∈ A,

ri,x≥ 0 for all x ∈ A, i ∈ N .

Strategyproofness

¬(f (R
%i→%) �i f (R)) for all R ∈ R, i

∈ N,R ∈ R
N .

Anonymity
f (R) = f (R ◦ σ) for all σ ∈ Π(N), R ∈ RN . Neutrality
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Strategyproofness
¬(f (R%i→%) �i f (R)) for all %∈ R, i ∈ N,R ∈ RN

c .

Orbit condition
pR,x = pR,y for all R ∈ RN

c , O ∈ OR, x, y ∈ O.

Restricted domain
D = {R ∈ RN : dist(R,R∗) ≤ 6}

¬
(
f (Ri 7→%) �SD

i f (R)
)

≡ f (Ri 7→%) 6%SD
i f (R) ∨ f (R) %SD

i f (Ri7→%)
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)
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(declare-fun p174a0 () Real) (assert (>= p654a0 0.0))

(declare-fun p174a1 () Real) (assert (>= p654a1 0.0))

(declare-fun p174a2 () Real) (assert (>= p654a2 0.0))

(declare-fun p174a3 () Real) (assert (>= p654a3 0.0))

(assert (>= p174a0 0.0)) (assert (= 1.0 (+ p654a0 p654a3)))

(assert (>= p174a1 0.0)) (declare-fun p7a0 () Real)

(assert (>= p174a2 0.0)) (declare-fun p7a1 () Real)

(assert (>= p174a3 0.0)) (declare-fun p7a2 () Real)

(declare-fun p44a0 () Real) (declare-fun p7a3 () Real)

(declare-fun p44a1 () Real) (assert (>= p7a0 0.0))

(declare-fun p44a2 () Real) (assert (>= p7a1 0.0))

(declare-fun p44a3 () Real) (assert (>= p7a2 0.0))

(assert (>= p44a0 0.0)) (assert (>= p7a3 0.0)) (assert (= 1.0

(assert (>= p44a1 0.0)) (declare-fun p127a0 () Real)

(assert (>= p44a2 0.0)) (declare-fun p127a1 () Real)

(assert (>= p44a3 0.0)) (declare-fun p127a2 () Real)

(declare-fun p91a0 () Real) (declare-fun p127a3 () Real)

(declare-fun p91a1 () Real) (assert (>= p127a0 0.0))

(declare-fun p91a2 () Real) (assert (>= p127a1 0.0))

(declare-fun p91a3 () Real) (assert (>= p127a2 0.0))

(assert (>= p91a0 0.0)) (assert (>= p127a3 0.0))

(assert (>= p91a1 0.0)) (assert (= 1.0)

(assert (>= p91a2 0.0)) (declare-fun p88a0 () Real)

(assert (>= p91a3 0.0)) (declare-fun p88a1 () Real)
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R28 (a)(b c)(d)
R29 (a d)(b c)
R43 (a d)(b c)
R45 (a b d c)

Table 3. The relevant profile automorphisms, written as a product of their orbits.

There are efficiency conditions of two different types: those derived from ex post efficiency alone
assert that Pareto dominated alternatives have to be assigned probability 0, whereas those derived
from SD-efficiency (but not ex post efficiency) assert that at least one of two alternatives has to be
assigned probability 0.
Alternative b is Pareto dominated in the following profiles and must therefore be assigned

probability 0 by any ex post efficient SDS (and thereby also by any SD-efficient SDS):
R3, R4, R5, R7, R8, R9, R11, R12, R14, R16, R17, R18, R21, R22, R23, R30, R32, R33, R35, R40, R41,
R43, R44, R47

We will use the fact that f (R)(b) = 0 for all of these profiles without mentioning it explicitly.
Moreover, {b, c} is an SD-inefficient support in the following profiles (i.e., any SD-efficient SDS

must assign probability 0 to at least one of b and c):
R10, R15, R19, R25, R26, R27, R28, R29, R39

To see that this is true, note that the lottery 1/2a+1/2d strictly Pareto dominates the lottery 1/2b+1/2 c
for each of these profiles.

Using the orbit and efficiency conditions we arrive at the following conclusions:
• The orbit conditions of R45 imply p45,a = p45,b = p45,c = p45,d = 1/4.
• The efficiency conditions for R10 state that at least one of p10,b and p10,c is 0, and since the
orbit conditions state that p10,b = p10,c , we have p10,b = p10,c = 0.

• In the same fashion, we can show that pi,x = 0 for i ∈ {26, 27, 28, 29} and x ∈ {b, c}. For R29,
the orbit condition then additionally implies p29,a = p29,d = 1/2, and analogously for R10.

• The efficiency conditions for R43 state p43,b = p43,c = 0, and with the orbit condition
p43,a = p43,d we have p43,a = p43,d = 1/2.

In summary, we have now derived the following information about the profiles:
R10 R26 R27 R28 R29 R43 R45

a 1/2 1/2 1/2 1/4
b 0 0 0 0 0 0 1/4
c 0 0 0 0 0 0 1/4
d 1/2 1/2 1/2 1/4

• Suppose p39,c = 0. Then (S29,39) implies p39,d ≤ 1/2 and (S39,29) then implies p39,b = 0. Since
the efficiency condition for R39 states that p39,b = 0 or p39,c = 0, we can conclude that, in any
case, p39,b = 0.

• Using this, (S39,29) now simplifies to p39,a ≤ 1/2.
• (S10,36) simplifies to p36,a +p36,b ≤ 1/2. Using this, (S36,10) simplifies to p36,a = 1/2 and p36,b = 0.
• (S36,39) simplifies to p39,a ≥ 1/2. Using this, (S39,36) simplifies to p39,a = 1/2.
• (S12,10) simplifies to p12,a + p12,d ≥ 1, which implies p12,c = 0.
• (S10,12) then simplifies to p12,a ≥ 1/2.
• (S12,44) simplifies to p44,a ≤ p12,a . Using this, (S44,12) simplifies to p44,a = p12,a and p44,c = 0.
• (S9,35) simplifies to p35,a ≤ p9,a , and then (S35,9) simplifies to p9,a = p35,a .
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R19 {a,b}, {c,d} {c,d}, {a,b} {b,d},a, c {a, c}, {b,d}
R20 {b,d},a, c b,a, {c,d} a, c, {b,d} d, c, {a,b}
R21 {a,d}, c,b d, c, {a,b} c, {a,b},d a,b, {c,d}
R22 {a, c},d,b d, c, {a,b} d, {a,b}, c a,b, {c,d}
R23 {a,b}, {c,d} {c,d}, {a,b} {a, c}, {b,d} {a,b,d}, c
R24 {c,d}, {a,b} d,b,a, c c,a, {b,d} b,a, {c,d}
R25 {c,d}, {a,b} {b,d},a, c a,b, {c,d} a, c, {b,d}
R26 {b,d}, {a, c} {c,d}, {a,b} a,b, {c,d} a, c, {b,d}
R27 {a,b}, {c,d} {b,d},a, c {a, c}, {b,d} {c,d},a,b
R28 {c,d},a,b {b,d},a, c a,b, {c,d} a, c, {b,d}
R29 {a, c},d,b {b,d},a, c a,b, {c,d} d, c, {a,b}
R30 {a,d}, c,b d, c, {a,b} c, {a,b},d {a,b},d, c
R31 {b,d},a, c {a, c},d,b c,d, {a,b} {a,b}, c,d
R32 {a, c},d,b d, c, {a,b} d, {a,b}, c {a,b},d, c
R33 {c,d}, {a,b} {a, c},d,b a,b, {c,d} d, {a,b}, c
R34 {a,b}, {c,d} a, c,d,b b, {a,d}, c c,d, {a,b}
R35 {a,d}, c,b a,b, {c,d} {a,b, c},d d, c, {a,b}
R36 {c,d}, {a,b} {a, c},d,b {b,d},a, c a,b, {c,d}
R37 {a, c}, {b,d} {b,d}, {a, c} a,b, {c,d} c,d, {a,b}
R38 {c,d},a,b {b,d},a, c a,b, {c,d} {a, c},b,d
R39 {a, c},d,b {b,d},a, c a,b, {c,d} {c,d},a,b
R40 {a,d}, c,b {a,b}, c,d {a,b, c},d d, c, {a,b}
R41 {a,d}, c,b {a,b},d, c {a,b, c},d d, c, {a,b}
R42 {c,d}, {a,b} {a,b}, {c,d} d,b,a, c c,a, {b,d}
R43 {a,b}, {c,d} {c,d}, {a,b} d, {a,b}, c a, {c,d},b
R44 {c,d}, {a,b} {a, c},d,b {a,b},d, c {a,b,d}, c
R45 {a, c},d,b {b,d},a, c {a,b}, c,d {c,d},b,a
R46 {b,d},a, c d, c, {a,b} {a, c}, {b,d} b,a, {c,d}
R47 {a,b}, {c,d} {a,d}, c,b d, c, {a,b} c, {a,b},d

Table 2. The 47 preference profiles used in the proof.

Now, to begin with the proof, we shall first focus on those profiles that have rich symmetries
(i.e., orbit conditions) and restrictive efficiency conditions (e.g., by admitting Pareto dominated
alternatives).

Table 3 lists profile automorphisms, i.e., permutations of the alternatives such that applying the
permutation to the profile yields a profile that is anonymity-equivalent to the original profile. Given
such a profile, an anonymous and neutral SDS must return the same probability for all alternatives
contained in the same orbit of the permutation. To increase readability, the permutations are already
written as a product of their orbits; for instance, the first orbit condition states that p10,a = p10,d
and p10,b = p10,c .

Profile Permutation
R10 (a d)(b c)
R26 (a)(b c)(d)
R27 (a)(b c)(d)
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A PROOF OF THEOREM 3.1
A.1 Main Proof
We will now give the complete human-readable proof of Theorem 3.1. This proof is essentially a
paraphrased version of the formal Isabelle/HOL proof, which is available in the AFP entry [Eberl
2016b].
Our general approach will be to attempt to “solve” preference profiles, i.e., determine the exact

value of f (Ri )(x) (which we write as pi,x ) for a profile Ri and an alternative x . Whenever this is not
possible, we try to express pi,x in terms of other pj,y or at least find simple inequalities that the pi,x
satisfy. We do this until we have gained enough knowledge about the SDS to derive a contradiction.

A typical step in the proofs will be to pick a strategyproofness condition (which usually consist
of several disjunctions) and simplify it with all the knowledge that we have—substituting the pi,x
whose values we already know, e.g., substituting pi,d = 1 − pi,a if we know that pi,b = pi,c = 0.
We will use the fact that all pi,x are non-negative and that

∑
x ∈A pi,x = 1 without mentioning it

explicitly.
Every step of the proof (i.e., “Condition X simplifies to . . . ” or “Condition X implies . . . ”) is

elementary in the sense that it can by solved automatically by Isabelle—in fact, the proof printed
here is often considerably more verbose and with more intermediate steps than would be necessary
in Isabelle. Still, for a human, most of these steps will require a few steps of reasoning on paper. We
chose not to go into more detail of the individual steps, since it would only have made the proof
even longer and less readable.

The proof will reference orbit equations, efficiency conditions, and strategyproofness conditions
on the set of 47 preference profiles mentioned before. As an aid to the reader, the proof contains
tables listing all the knowledge that we currently have about the probabilities of the lottery
returned by the hypothetical SDS after every few steps.

We start by listing the 47 preference profiles used in the proof by giving the weak rankings of
each agent.

Profile Agent 1 Agent 2 Agent 3 Agent 4
R1 {c,d}, {a,b} {b,d},a, c a,b, {c,d} {a, c}, {b,d}
R2 {a, c}, {b,d} {c,d},a,b {b,d},a, c a,b, {c,d}
R3 {a,b}, {c,d} {c,d}, {a,b} d, {a,b}, c c,a, {b,d}
R4 {a,b}, {c,d} {a,d}, {b, c} c, {a,b},d d, c, {a,b}
R5 {c,d}, {a,b} {a,b}, {c,d} {a, c},d,b d, {a,b}, c
R6 {a,b}, {c,d} {c,d}, {a,b} {a, c}, {b,d} d,b,a, c
R7 {a,b}, {c,d} {c,d}, {a,b} a, c,d,b d, {a,b}, c
R8 {a,b}, {c,d} {a, c}, {b,d} d, {a,b}, c d, c, {a,b}
R9 {a,b}, {c,d} {a,d}, c,b d, c, {a,b} {a,b, c},d
R10 {a,b}, {c,d} {c,d}, {a,b} {a, c},d,b {b,d},a, c
R11 {a,b}, {c,d} {c,d}, {a,b} d, {a,b}, c c,a,b,d
R12 {c,d}, {a,b} {a,b}, {c,d} {a, c},d,b {a,b,d}, c
R13 {a, c}, {b,d} {c,d},a,b {b,d},a, c a,b,d, c
R14 {a,b}, {c,d} d, c, {a,b} {a,b, c},d a,d, c,b
R15 {a,b}, {c,d} {c,d}, {a,b} {b,d},a, c a, c,d,b
R16 {a,b}, {c,d} {c,d}, {a,b} a, c,d,b {a,b,d}, c
R17 {a,b}, {c,d} {c,d}, {a,b} {a, c}, {b,d} d, {a,b}, c
R18 {a,b}, {c,d} {a,d}, {b, c} {a,b, c},d d, c, {a,b}
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• (S9,18) states that p9,a + p9,d ≤ p18,a + p18,d , and then (S9,18) simplifies to p18,c = p9,c .
To summarize:

R9 R10 R12 R18 R26 R27 R28 R29 R36 R39 R43 R44 R45

a p35,a 1/2 ≥ 1/2 1/2 1/2 1/2 1/2 p12,a 1/4
b 0 0 0 0 0 0 0 0 0 0 0 0 1/4
c 0 0 p9,c 0 0 0 0 0 0 1/4
d 1/2 ≤ 1/2 1/2 1/2 1 − p12,a 1/4

• (S5,10) implies p5,d ≥ 1/2.
• (S5,17) implies p5,d ≤ p17,d , and (S17,7) simplifies to p17,d ≤ p7,d . Combined with p5,d ≥ 1/2
from above, we have p7,d ≥ 1/2. Using this, (S7,43) implies p7,a = 1/2 and p7,c = 0, and therefore
p7,d = 1/2.

• (S5,7) now simplifies to p5,d ≤ 1/2, and p5,d ≥ 1/2 was already shown, so we have p5,d = 1/2.
• (S5,10) now simplifies to p5,c = 0, and it is then clear that p5,a = 1/2.
• Suppose p15,b = 0. Then (S10,15) simplifies to p15,a +p15,c ≤ 1/2 and, using that, (S15,10) implies
p15,c = 0. Since the efficiency conditions for R15 tell us that p15,b = 0 or p15,c = 0, we can
conclude p15,c = 0.

• (S15,5) then implies p15,a ≥ 1/2 and (S15,7) implies p15,a ≤ 1/2. We can conclude that p15,a = 1/2.
• (S15,5) now simplifies to p15,d = 1/2 and p15,b = 0.
• (S27,13) simplifies to p13,a +p13,b ≤ p27,a . Using that, (S13,27) simplifies to p13,b = p13,c = 0 and
p27,a = p13,a .

• (S15,13) now implies p13,a ≥ 1/2 and (S13,15) simplifies to p13,a ≤ 1/2, so that we can conclude
p13,a = p13,d = p27,a = p27,d = 1/2.

We summarize what we have learned so far:
R5 R7 R9 R10 R12 R13 R15 R18 R26 R27 R28 R29

a 1/2 1/2 p35,a 1/2 ≥ 1/2 1/2 1/2 1/2 1/2
b 0 0 0 0 0 0 0 0 0 0 0 0
c 0 0 0 0 0 0 p9,c 0 0 0 0
d 1/2 1/2 1/2 ≤ 1/2 1/2 1/2 1/2 1/2

R36 R39 R43 R44 R45

a 1/2 1/2 1/2 p12,a 1/4
b 0 0 0 0 1/4
c 0 0 1/4
d 1/2 1 − p12,a 1/4

• Wewill now determine the probabilities for R19. The efficiency condition tells us that p19,b = 0
or p19,c = 0.
– Suppose p19,b = 0. Then (S10,19) simplifies to p19,a + p19,c ≤ 1/2 and (S19,10) simplifies to
p19,a + p19,c = 1/2. We can therefore conclude that p19,d = 1/2. Using this, (S27,19) then
simplifies to p19,a = 1/2 and p19,c = 0 and therefore p19,d = 1/2.

– Suppose p19,c = 0. Then (S19,10) simplifies to p19,a ≥ 1/2 and (S19,27) simplifies to p19,d ≥ 1/2.
This clearly implies p19,a = p19,d = 1/2 and p19,b = 0.

• Using this, (S19,1) simplifies to p1,a + p1,b ≤ 1/2, and with that, (S1,19) simplifies to p1,a = 1/2
and p1,b = 0.

• (S33,5) simplifies to p33,a ≥ 1/2. Moreover, (S33,22) simplifies to p22,c + p22,d ≤ p33,c + p33,d , i.e.,
p33,a ≤ p22,a . We therefore have p22,a ≥ 1/2. Using this, (S22,29) simplifies to p22,a = p22,d = 1/2
and therefore also p22,c = 0.
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• (S32,28) implies p28,a ≤ p32,d . Then (S28,32) implies p32,d = p28,a . Moreover, (S22,32) simplifies to
p32,a ≤ 1. Using these two facts, (S32,22) implies p32,d = 1/2 and therefore also p28,a = p28,d =
1/2.

• (S28,39) now simplifies to p39,c = 0, and since we have already determined p39,a = 1/2 and
p39,b = 0, we can conclude p39,d = 1/2.

• (S1,2) states that p2,c + p2,d ≤ p1,c + p2,d . Using this, (S2,1) simplifies to p2,a = p2,c + p2,d = 1/2
and therefore also p2,b = 0. Using this, (S39,2) simplifies to p2,c = 0 and p2,d = 1/2.

• We will now determine R42:
– (S17,5) simplifies to p17,a + p17,c ≥ 1/2 and (S5,17) simplifies to p17,a + p17,c ≤ 1/2, so we can
conclude p17,d = 1/2.

– (S6,42) states that p42,a + p42,c ≤ p6,a + p6,c and (S6,19) implies p6,a + p6,c ≤ 1/2. We can
therefore conclude that p42,a + p42,c ≤ 1/2.

– (S17,11) states that p11,a + p11,c ≤ p17,a + p17,c . Since p11,b = p17,b = 0, this is equivalent to
p11,d ≥ p17,d = 1/2 ≥ p42,a + p42,c . With this, (S42,11) implies p42,c ≥ p11,d ≥ 1/2.

– (S17,3) simplifies to p3,a + p3,c ≤ p17,a + p17,c ; i.e., p3,d ≥ p17,d = 1/2.
– Finally, using p42,c ≥ 1/2 and p3,d ≥ 1/2, (S42,3) simplifies to p42,c ≥ 1/2 and p42,d ≥ 1/2 and
therefore p42,a = p42,b = 0 and p42,c = p42,d = 1/2.

• Using these values for R42, the two conditions (S37,42 (1)) and (S37,42 (2)) now simplify to
p37,a = 1/2 or p37,a +p37,b > 1/2, and p37,c = 1/2 or p37,c +p37,d > 1/2. Together, these obviously
imply p37,a = p37,c = 1/2 and p37,b = p37,d = 0.

• Similarly, R24 simplifies to p24,a + p24,b ≤ 0 and therefore p24,a = p24,b = 0.

R1 R2 R5 R7 R9 R10 R12 R13 R15 R18 R19 R22 R24

a 1/2 1/2 1/2 1/2 p35,a 1/2 ≥ 1/2 1/2 1/2 1/2 1/2 0
b 0 0 0 0 0 0 0 0 0 0 0 0 0
c 0 0 0 0 0 0 0 p9,c 0 0
d 1/2 1/2 1/2 1/2 ≤ 1/2 1/2 1/2 1/2 1/2

R26 R27 R28 R29 R36 R37 R39 R42 R43 R44 R45

a 1/2 1/2 1/2 1/2 1/2 1/2 0 1/2 p12,a 1/4
b 0 0 0 0 0 0 0 0 0 0 1/4
c 0 0 0 0 1/2 0 1/2 0 0 1/4
d 1/2 1/2 1/2 0 1/2 1/2 1/2 1 − p12,a 1/4

• (S24,34) implies p34,b ≤ p24,c and (S34,24) implies p24,c ≤ p34,b ; we therefore have p34,b = p24,c .
Using this, (S34,24) simplifies to p34,c = 0 and (S24,34) simplifies to p34,d = 0.

• (S14,34) now simplifies to p14,a + p14,c ≥ 1, so we have p14,b = p14,d = 0.
• (S46,37) simplifies to p46,a = p46,c = 0.
• (S46,20) now simplifies to p20,a + p20,c ≤ 0, so we have p20,a = p20,c = 0.
• (S20,21) now simplifies to p21,b = p21,c = 0.
• (S12,16) simplifies to p16,a + p16,c ≤ p12,a .
• We now determine the probabilities for p16,c :
– (S44,40) simplifies to p12,a ≤ p40,a . Moreover, (S9,40) simplifies to p40,a ≤ p9,a . Combined
with p16,a + p16,c ≤ p12,a , this implies p16,a + p16,c ≤ p9,a .

– (S14,16) implies p16,a ≥ p14,a .
– Combining the last two facts, we obtain p16,c ≤ p9,a − p14,a . Moreover, (S14,9) implies
p9,a − p14,a ≤ 0. Combining this, we have p16,c = 0.
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• Therefore, the fact p16,a + p16,c ≤ p12,a , which we have shown before, now simplifies to
p16,a ≤ p12,a .

• Since (S14,16) simplifies to p14,a ≤ p16,a , we then have p14,a ≤ p12,a .

R1 R2 R5 R7 R9 R10 R12 R13 R14 R15 R16 R18 R19

a 1/2 1/2 1/2 1/2 p35,a 1/2 ≥ 1/2 1/2 ≤p12,a 1/2 1/2
b 0 0 0 0 0 0 0 0 0 0 0 0 0
c 0 0 0 0 0 0 0 0 p9,c 0
d 1/2 1/2 1/2 1/2 ≤ 1/2 1/2 0 1/2 1/2

R20 R21 R22 R24 R26 R27 R28 R29 R34 R36 R37 R39

a 0 1/2 0 1/2 1/2 1/2 1 − p24,c 1/2 1/2 1/2
b 0 0 0 0 0 0 0 p24,c 0 0 0
c 0 0 0 0 0 0 0 0 1/2 0
d 1/2 1/2 1/2 1/2 0 0 1/2

R42 R43 R44 R45 R46

a 0 1/2 p12,a 1/4 0
b 0 0 0 1/4
c 1/2 0 0 1/4 0
d 1/2 1/2 1 − p12,a 1/4

• We now show that p12,a = p9,a = p35,a :
– (S14,9) implies p9,a ≤ p14,a . Since p14,a ≤ p12,a , we have p9,a ≤ p12,a .
– (S44,40) simplifies to p12,a ≤ p40,a . Moreover, (S9,40) simplifies to p40,a ≤ p9,a ; therefore, we
have p12,a ≤ p9,a .

– Combining these two inequalities yields p12,a = p9,a .
• Recall that p14,a ≤ p12,a = p9,a . Then (S14,9) simplifies to p9,a = p14,a and p9,d = 0.
• (S23,19) simplifies to p23,a + p23,d ≥ 1 and therefore p23,b = p23,c = 0.
• (S35,21) simplifies to p21,a ≤ p35,a + p35,c . Then (S21,35) simplifies to p35,c = 0 and p35,a = p21,a .
• Next, we derive the probabilities for R18:
– (S23,12) simplifies to p21,a ≤ p23,a .
– (S23,18) simplifies top18,c+p18,d ≤ 1−p23,a . Sincep18,c = p9,c = 1−p9,a = 1−p35,a = 1−p21,a ,
this is equivalent to p18,d ≤ p21,a − p23,a . Recall that p9,b = p9,c = 0, i.e., p18,c = p9,c =
1 − p9,a = 1 − p35,a = 1 − p21,a . Substituting this in the inequality we have just derived and
rearranging yields p18,d ≤ p21,a − p23,a .

– Since p21,a ≤ p23,a , the right-hand side of the above inequality is 0 and therefore p18,d = 0.
Now we can derive the probabilities for R4:
– (S47,30) simplifies to p30,a ≤ p47,a .
– (S4,47) simplifies to p47,a + p47,d ≤ p4,a + p4,d , i.e., p4,c ≤ p47,c .
– Adding these two inequalities, we obtain p4,c + p30,a ≤ 1 − p47,d .
– (S30,21) simplifies to p21,a ≤ p30,a , and with the previous inequality, we obtain p4,c +p21,a ≤
1 − p47,d ≤ 1. Substituting p21,a = p14,a yields p4,c + p14,a ≤ 1.

– (S4,18) now simplifies to p4,d = 0 and p4,c = p21,d .
• (S8,26) implies p26,a ≤ p8,d . Using this, (S26,8) simplifies to p26,a = p8,d . Using this, we look
at (S8,26) again and find that it now simplifies to p8,a + p8,d = 1, i.e., p8,c = p8,b = 0 and
p26,a = 1 − p8,a .
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R1 R2 R4 R5 R7 R8 R9 R10 R12 R13 R14

a 1/2 1/2 p21,a 1/2 1/2 p21,a 1/2 p21,a 1/2 p21,a
b 0 0 0 0 0 0 0 0 0 0 0
c 0 1 − p21,a 0 0 0 1 − p21,a 0 0 0 1 − p21,a
d 1/2 0 1/2 1/2 0 1/2 1 − p21,a 1/2 0

R15 R16 R18 R19 R20 R21 R22 R23 R24 R26 R27 R28

a 1/2 p21,a 1/2 0 1/2 0 1 − p8,a 1/2 1/2
b 0 0 0 0 0 0 0 0 0 0 0
c 0 0 1 − p21,a 0 0 0 0 0 0 0 0
d 1/2 0 1/2 1/2 p8,a 1/2 1/2

R29 R34 R35 R36 R37 R39 R42 R43 R44 R45 R46

a 1/2 1 − p24,c p21,a 1/2 1/2 1/2 0 1/2 p12,a 1/4 0
b 0 p24,c 0 0 0 0 0 0 0 1/4
c 0 0 0 1/2 0 1/2 0 0 1/4 0
d 1/2 0 1 − p21,a 0 1/2 1/2 1/2 1 − p12,a 1/4

• (S4,47) simplifies to p21,d ≤ p47,c .
• (S47,30) simplifies to p30,a ≤ p47,a . With this and the previous inequality, (S30,21) simplifies to
p30,b = p30,c = 0 and p30,a = p47,a .

• The last big and crucial step is to show that p31,c ≥ 1/2:
– The efficiency conditions for R25 tell us that p25,b = 0 or p25,c = 0. If p25,c = 0, then
(S25,36) immediately implies p25,a ≥ 1/2. If, on the other hand, p25,b = 0, then (S36,25) implies
p25,a + p25,c ≤ p36,c + 1/2, with which (S25,36) then also implies p25,a ≥ 1/2.

– Using p25,a ≥ 1/2, the condition (S25,26) implies p26,a ≥ 1/2, and therefore also 1/2 ≤ p26,a +
p47,d = 1 − p8,a + p47,d .

– Now observe that (S4,8) simplifies to p21,a ≤ p8,a , which is equivalent to 1 − p8,a ≤ p21,d .
Combined with p21,d ≤ p47,c , which we have shown before, we now have 1/2 ≤ p47,c +p47,d .

– (S30,41) implies p41,a + p41,c ≤ p47,a , which is equivalent to p47,c + p47,d ≤ p41,d .
– (S41,31) simplifies to p31,a + p31,b + p31,d ≤ p41,a + p41,c , which is equivalent to p41,d ≤ p31,c .
– Combining this chain of inequalities, we finally have p31,c ≥ 1/2.

• (S2,38) simplifies to p38,a + p38,c ≤ 1/2, i.e., p38,b + p38,d ≥ 1/2. Using this and p31,c ≥ 1/2, the
condition (S31,38) simplifies to p38,b + p38,d = p31,b + p31,d . This means that p31,b + p31,d ≥ 1/2,
and since p31,c ≥ 1/2, we can conclude p31,b + p31,d = p31,c = 1/2 and p31,a = 0.

It is now easy to see that each of the three cases in (S45,31) is a contradiction. We have thus shown
that the conditions are inconsistent, and therefore, there is no anonymous and neutral SDS for four
agents and alternatives that satisfies both strategyproofness and efficiency. □

A.2 Strategyproofness Conditions
Table 4 lists the strategyproofness conditions that were used in the impossibility proof. As explained
in Section 4.3, all manipulations are either 1-manipulations or 2-manipulations, i.e., a manipulator
breaks or introduces a tie between two alternatives or swaps two alternatives. They are a subset
of the conditions derived by the derive_strategyproofness_conditions command with a distance
threshold of 2, i.e., the required manipulations all have a size ≤ 2. The first number in the name of
the condition indicates the original profile and the second one is the manipulated profile (possibly
with a permutation applied to the alternatives).
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p2,d + p2,c ≤ p1,d + p1,c (S1,2)
p19,a < p1,a ∨ p19,a + p19,b < p1,a + p1,b ∨ (p19,a = p1,a ∧ p19,a + p19,b = p1,a + p1,b ) (S1,19)
p1,d + p1,c < p2,d + p2,c ∨ p1,d + p1,c + p1,a < p2,d + p2,c + p2,a

∨ (p1,d + p1,c = p2,d + p2,c ∧ p1,d + p1,c + p1,a = p2,d + p2,c + p2,a) (S2,1)

p38,c + p38,a ≤ p2,c + p2,a (S2,38)
p8,c < p4,d ∨ p8,c + p8,d < p4,d + p4,c ∨ (p8,c = p4,d ∧ p8,c + p8,d = p4,d + p4,c ) (S4,8)
p18,c < p4,c ∨ p18,c + p18,b + p18,a < p4,c + p4,b + p4,a

∨ (p18,c = p4,c ∧ p18,c + p18,b + p18,a = p4,c + p4,b + p4,a) (S4,18)

p47,d + p47,a ≤ p4,d + p4,a (S4,47)
p7,c + p7,a < p5,c + p5,a ∨ p7,c + p7,a + p7,d < p5,c + p5,a + p5,d

∨ (p7,c + p7,a = p5,c + p5,a ∧ p7,c + p7,a + p7,d = p5,c + p5,a + p5,d ) (S5,7)

p10,a < p5,d ∨ p10,a + p10,c + p10,d < p5,d + p5,b + p5,a
∨ (p10,a = p5,d ∧ p10,a + p10,c + p10,d = p5,d + p5,b + p5,a) (S5,10)

p17,c + p17,a < p5,c + p5,a ∨ p17,c + p17,a + p17,d < p5,c + p5,a + p5,d
∨ (p17,c + p17,a = p5,c + p5,a ∧ p17,c + p17,a + p17,d = p5,c + p5,a + p5,d ) (S5,17)

p19,d < p6,d ∨ p19,d + p19,b < p6,d + p6,b ∨ p19,d + p19,b + p19,a < p6,d + p6,b + p6,a
∨ (p19,d = p6,d ∧ p19,d + p19,b = p6,d + p6,b ∧ p19,d + p19,b + p19,a = p6,d + p6,b + p6,a)

(S6,19)
p42,c + p42,a ≤ p6,c + p6,a (S6,42)
p43,d < p7,a ∨ p43,d + p43,b < p7,a + p7,c ∨ p43,d + p43,b + p43,a < p7,a + p7,c + p7,d

∨ (p43,d = p7,a ∧ p43,d + p43,b = p7,a + p7,c ∧ p43,d + p43,b + p43,a = p7,a + p7,c + p7,d )
(S7,43)

p26,a < p8,d ∨ p26,a + p26,b + p26,d < p8,d + p8,b + p8,a
∨ (p26,a = p8,d ∧ p26,a + p26,b + p26,d = p8,d + p8,b + p8,a) (S8,26)

p18,d + p18,a < p9,d + p9,a ∨ p18,d + p18,a + p18,c < p9,d + p9,a + p9,c
∨ (p18,d + p18,a = p9,d + p9,a ∧ p18,d + p18,a + p18,c = p9,d + p9,a + p9,c ) (S9,18)

p35,b + p35,a ≤ p9,b + p9,a (S9,35)
p40,b + p40,a ≤ p9,b + p9,a (S9,40)
p12,b + p12,d < p10,c + p10,a ∨ p12,b + p12,d + p12,a < p10,c + p10,a + p10,d

∨ (p12,b + p12,d = p10,c + p10,a ∧ p12,b + p12,d + p12,a = p10,c + p10,a + p10,d ) (S10,12)

p15,a + p15,c < p10,d + p10,b ∨ p15,a + p15,c + p15,d < p10,d + p10,b + p10,a
∨ (p15,a + p15,c = p10,d + p10,b ∧ p15,a + p15,c + p15,d = p10,d + p10,b + p10,a) (S10,15)

p19,a + p19,c < p10,d + p10,b ∨ p19,a + p19,c + p19,d < p10,d + p10,b + p10,a
∨ (p19,a + p19,c = p10,d + p10,b ∧ p19,a + p19,c + p19,d = p10,d + p10,b + p10,a) (S10,19)

p36,a + p36,b ≤ p10,d + p10,c (S10,36)
p10,a + p10,c + p10,d ≤ p12,d + p12,b + p12,a (S12,10)
p16,c + p16,a < p12,c + p12,a ∨ p16,c + p16,a + p16,d < p12,c + p12,a + p12,d

∨ (p16,c + p16,a = p12,c + p12,a ∧ p16,c + p16,a + p16,d = p12,c + p12,a + p12,d ) (S12,16)

p44,b + p44,a ≤ p12,b + p12,a (S12,44)
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p15,d + p15,c < p13,d + p13,b ∨ p15,d + p15,c + p15,a < p13,d + p13,b + p13,a
∨ (p15,d + p15,c = p13,d + p13,b ∧ p15,d + p15,c + p15,a = p13,d + p13,b + p13,a) (S13,15)

p27,a < p13,a ∨ p27,a + p27,c < p13,a + p13,b ∨ p27,a + p27,c + p27,d < p13,a + p13,b + p13,d
∨ (p27,a = p13,a ∧ p27,a + p27,c = p13,a + p13,b ∧

p27,a + p27,c + p27,d = p13,a + p13,b + p13,d )
(S13,27)

p9,a < p14,a ∨ p9,a + p9,d < p14,a + p14,d ∨ p9,a + p9,d + p9,c < p14,a + p14,d + p14,c
∨ (p9,a = p14,a ∧ p9,a + p9,d = p14,a + p14,d ∧ p9,a + p9,d + p9,c = p14,a + p14,d + p14,c )

(S14,9)
p16,c < p14,d ∨ p16,c + p16,d < p14,d + p14,c ∨

(p16,c = p14,d ∧ p16,c + p16,d = p14,d + p14,c ) (S14,16)

p34,d + p34,b + p34,a ≤ p14,c + p14,b + p14,a (S14,34)
p5,d < p15,a ∨ p5,d + p5,b < p15,a + p15,c ∨ p5,d + p5,b + p5,a < p15,a + p15,c + p15,d

∨ (p5,d = p15,a ∧ p5,d + p5,b = p15,a + p15,c ∧ p5,d + p5,b + p5,a = p15,a + p15,c + p15,d )
(S15,5)

p7,d + p7,b < p15,d + p15,b ∨ p7,d + p7,b + p7,a < p15,d + p15,b + p15,a
∨ (p7,d + p7,b = p15,d + p15,b ∧ p7,d + p7,b + p7,a = p15,d + p15,b + p15,a) (S15,7)

p10,d < p15,a ∨ p10,d + p10,b < p15,a + p15,c ∨ p10,d + p10,b + p10,a < p15,a + p15,c + p15,d
∨ (p10,d = p15,a ∧ p10,d + p10,b = p15,a + p15,c ∧

p10,d + p10,b + p10,a = p15,a + p15,c + p15,d )
(S15,10)

p13,d + p13,b ≤ p15,d + p15,c (S15,13)
p3,c + p3,a ≤ p17,c + p17,a (S17,3)
p5,c + p5,a ≤ p17,c + p17,a (S17,5)
p7,c + p7,a ≤ p17,c + p17,a (S17,7)
p11,c + p11,a ≤ p17,c + p17,a (S17,11)
p9,d + p9,a ≤ p18,d + p18,a (S18,9)
p1,b + p1,a ≤ p19,b + p19,a (S19,1)
p10,b + p10,d ≤ p19,c + p19,a (S19,10)
p27,d + p27,b ≤ p19,d + p19,c (S19,27)
p21,c < p20,a ∨ p21,c + p21,b < p20,a + p20,c

∨ (p21,c = p20,a ∧ p21,c + p21,b = p20,a + p20,c ) (S20,21)

p35,c < p21,c ∨ p35,c + p35,b + p35,a < p21,c + p21,b + p21,a
∨ (p35,c = p21,c ∧ p35,c + p35,b + p35,a = p21,c + p21,b + p21,a) (S21,35)

p29,a < p22,d ∨ p29,a + p29,c + p29,d < p22,d + p22,b + p22,a
∨ (p29,a = p22,d ∧ p29,a + p29,c + p29,d = p22,d + p22,b + p22,a) (S22,29)

p32,a < p22,a ∨ p32,a + p32,b < p22,a + p22,b
∨ (p32,a = p22,a ∧ p32,a + p32,b = p22,a + p22,b ) (S22,32)

p12,c + p12,a ≤ p23,c + p23,a (S23,12)
p18,c + p18,d ≤ p23,d + p23,c (S23,18)
p19,d + p19,b + p19,a ≤ p23,d + p23,b + p23,a (S23,19)
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p34,b < p24,c ∨ p34,b + p34,d < p24,c + p24,a
∨ (p34,b = p24,c ∧ p34,b + p34,d = p24,c + p24,a) (S24,34)

p26,d + p26,c < p25,d + p25,b ∨ p26,d + p26,c + p26,a < p25,d + p25,b + p25,a
∨ (p26,d + p26,c = p25,d + p25,b ∧ p26,d + p26,c + p26,a = p25,d + p25,b + p25,a) (S25,26)

p36,a < p25,a ∨ p36,a + p36,c < p25,a + p25,c
∨ (p36,a = p25,a ∧ p36,a + p36,c = p25,a + p25,c ) (S25,36)

p8,d < p26,a ∨ p8,d + p8,b < p26,a + p26,c
∨ (p8,d = p26,a ∧ p8,d + p8,b = p26,a + p26,c ) (S26,8)

p13,b + p13,a ≤ p27,c + p27,a (S27,13)
p19,d + p19,c < p27,d + p27,b ∨ p19,d + p19,c + p19,a < p27,d + p27,b + p27,a

∨ (p19,d + p19,c = p27,d + p27,b ∧ p19,d + p19,c + p19,a = p27,d + p27,b + p27,a) (S27,19)

p32,d < p28,a ∨ p32,d + p32,b < p28,a + p28,c
∨ (p32,d = p28,a ∧ p32,d + p32,b = p28,a + p28,c ) (S28,32)

p39,a < p28,a ∨ p39,a + p39,c < p28,a + p28,b
∨ (p39,a = p28,a ∧ p39,a + p39,c = p28,a + p28,b ) (S28,39)

p39,d < p29,a ∨ p39,d + p39,c < p29,a + p29,b
∨ (p39,d = p29,a ∧ p39,d + p39,c = p29,a + p29,b ) (S29,39)

p21,b + p21,a < p30,b + p30,a ∨ p21,b + p21,a + p21,d < p30,b + p30,a + p30,d
∨ (p21,b + p21,a = p30,b + p30,a ∧ p21,b + p21,a + p21,d = p30,b + p30,a + p30,d ) (S30,21)

p41,c < p30,c ∨ p41,c + p41,b + p41,a < p30,c + p30,b + p30,a
∨ (p41,c = p30,c ∧ p41,c + p41,b + p41,a = p30,c + p30,b + p30,a) (S30,41)

p38,b + p38,d < p31,d + p31,b ∨ p38,b + p38,d + p38,c < p31,d + p31,b + p31,a
∨ (p38,b + p38,d = p31,d + p31,b ∧ p38,b + p38,d + p38,c = p31,d + p31,b + p31,a) (S31,38)

p22,b + p22,a < p32,b + p32,a ∨ p22,b + p22,a + p22,d < p32,b + p32,a + p32,d
∨ (p22,b + p22,a = p32,b + p32,a ∧ p22,b + p22,a + p22,d = p32,b + p32,a + p32,d ) (S32,22)

p28,a < p32,d ∨ p28,a + p28,c + p28,d < p32,d + p32,b + p32,a
∨ (p28,a = p32,d ∧ p28,a + p28,c + p28,d = p32,d + p32,b + p32,a) (S32,28)

p5,a < p33,a ∨ p5,a + p5,b < p33,a + p33,b
∨ (p5,a = p33,a ∧ p5,a + p5,b = p33,a + p33,b ) (S33,5)

p22,d + p22,c ≤ p33,d + p33,c (S33,22)
p24,c < p34,b ∨ p24,c + p24,a + p24,d < p34,b + p34,d + p34,a

∨ (p24,c = p34,b ∧ p24,c + p24,a + p24,d = p34,b + p34,d + p34,a) (S34,24)

p9,a < p35,a ∨ p9,a + p9,b < p35,a + p35,b
∨ (p9,a = p35,a ∧ p9,a + p9,b = p35,a + p35,b ) (S35,9)

p21,c + p21,b + p21,a ≤ p35,c + p35,b + p35,a (S35,21)
p10,d < p36,a ∨ p10,d + p10,c < p36,a + p36,b

∨ (p10,d = p36,a ∧ p10,d + p10,c = p36,a + p36,b ) (S36,10)

p25,c + p25,a < p36,c + p36,a ∨ p25,c + p25,a + p25,d < p36,c + p36,a + p36,d
∨ (p25,c + p25,a = p36,c + p36,a ∧ p25,c + p25,a + p25,d = p36,c + p36,a + p36,d ) (S36,25)

p39,d + p39,c ≤ p36,d + p36,c (S36,39)

26 Florian Brandl, Felix Brandt, Manuel Eberl, and Christian Geist

p42,d < p37,a ∨ p42,d + p42,b < p37,a + p37,b
∨ (p42,d = p37,a ∧ p42,d + p42,b = p37,a + p37,b ) (S37,42 (1))

p42,d < p37,c ∨ p42,d + p42,b < p37,c + p37,d
∨ (p42,d = p37,c ∧ p42,d + p42,b = p37,c + p37,d ) (S37,42 (2))

p2,c + p2,a < p39,c + p39,a ∨ p2,c + p2,a + p2,d < p39,c + p39,a + p39,d
∨ (p2,c + p2,a = p39,c + p39,a ∧ p2,c + p2,a + p2,d = p39,c + p39,a + p39,d ) (S39,2)

p29,a + p29,b < p39,d + p39,c ∨ p29,a + p29,b + p29,d < p39,d + p39,c + p39,a
∨ (p29,a + p29,b = p39,d + p39,c ∧ p29,a + p29,b + p29,d = p39,d + p39,c + p39,a) (S39,29)

p36,d + p36,c < p39,d + p39,c ∨ p36,d + p36,c + p36,a < p39,d + p39,c + p39,a
∨ (p36,d + p36,c = p39,d + p39,c ∧ p36,d + p36,c + p36,a = p39,d + p39,c + p39,a) (S39,36)

p31,d + p31,b + p31,a ≤ p41,c + p41,b + p41,a (S41,31)
p3,d < p42,d ∨ p3,d + p3,b < p42,d + p42,b ∨ p3,d + p3,b + p3,a < p42,d + p42,b + p42,a

∨ (p3,d = p42,d ∧ p3,d + p3,b = p42,d + p42,b ∧ p3,d + p3,b + p3,a = p42,d + p42,b + p42,a)
(S42,3)

p11,d < p42,c ∨ p11,d + p11,b < p42,c + p42,a
∨ (p11,d = p42,c ∧ p11,d + p11,b = p42,c + p42,a) (S42,11)

p24,b + p24,a ≤ p42,b + p42,a (S42,24)
p12,b + p12,a < p44,b + p44,a ∨ p12,b + p12,a + p12,d < p44,b + p44,a + p44,d

∨ (p12,b + p12,a = p44,b + p44,a ∧ p12,b + p12,a + p12,d = p44,b + p44,a + p44,d ) (S44,12)

p40,c + p40,d ≤ p44,d + p44,c (S44,40)
p31,c + p31,d < p45,b + p45,a ∨ p31,c + p31,d + p31,b < p45,b + p45,a + p45,c

∨ (p31,c + p31,d = p45,b + p45,a ∧ p31,c + p31,d + p31,b = p45,b + p45,a + p45,c ) (S45,31)

p20,c + p20,a ≤ p46,c + p46,a (S46,20)
p37,a + p37,c < p46,d + p46,b ∨ p37,a + p37,c + p37,d < p46,d + p46,b + p46,a

∨ (p37,a + p37,c = p46,d + p46,b ∧ p37,a + p37,c + p37,d = p46,d + p46,b + p46,a) (S46,37)

p30,b + p30,a ≤ p47,b + p47,a (S47,30)

Table 4. The strategyproofness conditions used in the impossibility proof.

Table 5 lists the manipulations that were used to obtain these strategyproofness conditions: the
first column gives the name of the manipulation condition in the form (Si, j ), which also contains
the information which two profiles are involved in the manipulation (Ri and R j ). The next columns
contain the manipulating agent, his preferences, and the false preferences that he needs to submit.
The last column gives the permutation of the alternatives that yields R j when applied to the
manipulated instance of Ri .

Condition Agent Old Preferences New Preferences Permutation
(S1,2) 1 {c,d}, {a,b} {c,d},a,b (a)(b)(c)(d)
(S1,19) 3 a,b, {c,d} {a,b}, {c,d} (a)(b)(c)(d)
(S2,1) 2 {c,d},a,b {c,d}, {a,b} (a)(b)(c)(d)
(S2,38) 1 {a, c}, {b,d} {a, c},b,d (a)(b)(c)(d)
(S4,8) 4 d, c, {a,b} c,d, {a,b} (a)(b)(c d)
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(S4,18) 3 c, {a,b},d {a,b, c},d (a)(b)(c)(d)
(S4,47) 2 {a,d}, {b, c} {a,d}, c,b (a)(b)(c)(d)
(S5,7) 3 {a, c},d,b a, c,d,b (a)(b)(c)(d)
(S5,10) 4 d, {a,b}, c {b,d},a, c (a d)(b c)
(S5,17) 3 {a, c},d,b {a, c}, {b,d} (a)(b)(c)(d)
(S6,19) 4 d,b,a, c {b,d},a, c (a)(b)(c)(d)
(S6,42) 3 {a, c}, {b,d} c,a, {b,d} (a)(b)(c)(d)
(S7,43) 3 a, c,d,b a, {c,d},b (a d)(b c)
(S8,26) 3 d, {a,b}, c d,b, {a, c} (a d)(b c)
(S9,18) 2 {a,d}, c,b {a,d}, {b, c} (a)(b)(c)(d)
(S9,35) 1 {a,b}, {c,d} a,b, {c,d} (a)(b)(c)(d)
(S9,40) 1 {a,b}, {c,d} {a,b}, c,d (a)(b)(c)(d)
(S10,12) 3 {a, c},d,b {a, c,d},b (a d)(b c)
(S10,15) 4 {b,d},a, c d,b,a, c (a d)(b c)
(S10,19) 4 {b,d},a, c {b,d}, {a, c} (a d)(b c)
(S10,36) 2 {c,d}, {a,b} d, c, {a,b} (a d)(b c)
(S12,10) 4 {a,b,d}, c {b,d},a, c (a d)(b c)
(S12,16) 3 {a, c},d,b a, c,d,b (a)(b)(c)(d)
(S12,44) 2 {a,b}, {c,d} {a,b},d, c (a)(b)(c)(d)
(S13,15) 3 {b,d},a, c {b,d}, {a, c} (a)(b c)(d)
(S13,27) 4 a,b,d, c {a,b}, {c,d} (a)(b c)(d)
(S14,9) 4 a,d, c,b {a,d}, c,b (a)(b)(c)(d)
(S14,16) 2 d, c, {a,b} {c,d}, {a,b} (a)(b)(c d)
(S14,34) 3 {a,b, c},d b, {a, c},d (a)(b)(c d)
(S15,5) 4 a, c,d,b a, {c,d},b (a d)(b c)
(S15,7) 3 {b,d},a, c d, {a,b}, c (a)(b)(c)(d)
(S15,10) 4 a, c,d,b {a, c},d,b (a d)(b c)
(S15,13) 2 {c,d}, {a,b} {c,d},a,b (a)(b c)(d)
(S17,3) 3 {a, c}, {b,d} c,a, {b,d} (a)(b)(c)(d)
(S17,5) 3 {a, c}, {b,d} {a, c},d,b (a)(b)(c)(d)
(S17,7) 3 {a, c}, {b,d} a, c,d,b (a)(b)(c)(d)
(S17,11) 3 {a, c}, {b,d} c,a,b,d (a)(b)(c)(d)
(S18,9) 2 {a,d}, {b, c} {a,d}, c,b (a)(b)(c)(d)
(S19,1) 1 {a,b}, {c,d} a,b, {c,d} (a)(b)(c)(d)
(S19,10) 4 {a, c}, {b,d} {a, c},d,b (a d)(b c)
(S19,27) 2 {c,d}, {a,b} {c,d},a,b (a)(b c)(d)
(S20,21) 3 a, c, {b,d} a, {c,d},b (a c b d)
(S21,35) 3 c, {a,b},d {a,b, c},d (a)(b)(c)(d)
(S22,29) 3 d, {a,b}, c {b,d},a, c (a d)(b c)
(S22,32) 4 a,b, {c,d} {a,b},d, c (a)(b)(c)(d)
(S23,12) 3 {a, c}, {b,d} {a, c},d,b (a)(b)(c)(d)
(S23,18) 2 {c,d}, {a,b} c,d, {a,b} (a)(b)(c d)
(S23,19) 4 {a,b,d}, c {b,d},a, c (a)(b)(c)(d)
(S24,34) 3 c,a, {b,d} c, {a,d},b (a d)(b c)
(S25,26) 2 {b,d},a, c {b,d}, {a, c} (a)(b c)(d)
(S25,36) 4 a, c, {b,d} {a, c},d,b (a)(b)(c)(d)
(S26,8) 4 a, c, {b,d} a, {c,d},b (a d)(b c)
(S27,13) 3 {a, c}, {b,d} a, c,d,b (a)(b c)(d)

28 Florian Brandl, Felix Brandt, Manuel Eberl, and Christian Geist

(S27,19) 2 {b,d},a, c {b,d}, {a, c} (a)(b c)(d)
(S28,32) 4 a, c, {b,d} a, {c,d},b (a d)(b c)
(S28,39) 3 a,b, {c,d} {a,b},d, c (a)(b c)(d)
(S29,39) 3 a,b, {c,d} {a,b},d, c (a d)(b c)
(S30,21) 4 {a,b},d, c a,b, {c,d} (a)(b)(c)(d)
(S30,41) 3 c, {a,b},d {a,b, c},d (a)(b)(c)(d)
(S31,38) 1 {b,d},a, c {b,d}, c,a (a c)(b d)
(S32,22) 4 {a,b},d, c a,b, {c,d} (a)(b)(c)(d)
(S32,28) 3 d, {a,b}, c d,b, {a, c} (a d)(b c)
(S33,5) 3 a,b, {c,d} {a,b}, {c,d} (a)(b)(c)(d)
(S33,22) 1 {c,d}, {a,b} d, c, {a,b} (a)(b)(c)(d)
(S34,24) 3 b, {a,d}, c b,d, {a, c} (a d)(b c)
(S35,9) 2 a,b, {c,d} {a,b}, {c,d} (a)(b)(c)(d)
(S35,21) 3 {a,b, c},d c, {a,b},d (a)(b)(c)(d)
(S36,10) 4 a,b, {c,d} {a,b}, {c,d} (a d)(b c)
(S36,25) 2 {a, c},d,b a, c, {b,d} (a)(b)(c)(d)
(S36,39) 1 {c,d}, {a,b} {c,d},a,b (a)(b)(c)(d)

(S37,42 (1)) 3 a,b, {c,d} a,b,d, c (a d)(b)(c)
(S37,42 (2)) 4 c,d, {a,b} c,d,b,a (a c d b)
(S39,2) 1 {a, c},d,b {a, c}, {b,d} (a)(b)(c)(d)
(S39,29) 4 {c,d},a,b d, c, {a,b} (a d)(b c)
(S39,36) 4 {c,d},a,b {c,d}, {a,b} (a)(b)(c)(d)
(S41,31) 3 {a,b, c},d {b, c},a,d (a)(b)(c d)
(S42,3) 3 d,b,a, c d, {a,b}, c (a)(b)(c)(d)
(S42,11) 4 c,a, {b,d} c, {a,b},d (a b)(c d)
(S42,24) 2 {a,b}, {c,d} b,a, {c,d} (a)(b)(c)(d)
(S44,12) 3 {a,b},d, c {a,b}, {c,d} (a)(b)(c)(d)
(S44,40) 1 {c,d}, {a,b} c,d, {a,b} (a)(b)(c d)
(S45,31) 3 {a,b}, c,d b,a, {c,d} (a d)(b c)
(S46,20) 3 {a, c}, {b,d} a, c, {b,d} (a)(b)(c)(d)
(S46,37) 1 {b,d},a, c {b,d}, {a, c} (a d)(b c)
(S47,30) 1 {a,b}, {c,d} {a,b},d, c (a)(b)(c)(d)

Table 5. The manipulations required to obtain the strategyproofness conditions in Table 4.

locale sds impossibility =

‘‘pmf (sds R) a + pmf (sds R) b + pmf (sds R) c + pmf (sds R) d = 1’’

anonymous sds agents alts sds +

neutral sds agents alts sds +

sd efficient sds agents alts sds +

subsection \<open>Definition of Preference Profiles and Fact Gathering\<close>
by (auto simp add: alts)

strategyproof sds agents alts sds

for agents ::’’agent set’’ and alts :: ‘‘alt set’’ and sds +

assumes agents ge 4: ‘‘card agents \<ge> 4’’

and alts ge 4: ‘‘card alts \<ge> 4’’

begin

lemma an sds: ‘‘an sds agents alts sds’’ by unfold locales

lemma ex post efficient sds: ‘‘ex post efficient sds agents alts sds’’ by unfold locales

lemma sd efficient sds: ‘‘sd efficient sds agents alts sds’’ by unfold locales

lemma strategyproof an sds: ‘‘strategyproof an sds agents alts sds’’ by unfold locales

lemma distinct agents’ [simp]:

using distinct agents by auto

‘‘A1 \<noteq> A2’’ ‘‘A1 \<noteq> A3’’ ‘‘A1 \<noteq> A4’’

‘‘A2 \<noteq> A1’’ ‘‘A2 \<noteq> A3’’ ‘‘A2 \<noteq> A4’’

Isabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOLIsabelle/HOL
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