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Abstract
Quasilinear utility functions are a standard assumption in auction theory
allowing for truthful and welfare-maximizing auction mechanisms. However, the literature on advertising markets suggests that the utility model
of bidders rather resembles a knapsack problem, where advertisers try to
maximize the sum of item values subject to a budget for a marketing campaign. Non-quasilinear environments rarely allow for truthful mechanisms.
However, some characteristics of the market environment might allow for
positive results. In particular, markets are large and bidders typically consider prices as exogenous. We introduce a model of advertising markets,
and study whether truthful and prior-free approximation mechanisms with
good approximation ratios of the maximal welfare are possible. We analyze
the offline mechanism design problem and find a truthful and randomized
mechanism with an approximation ratio of only 4. This mechanism draws
on a fractional deferred acceptance algorithm and randomized rounding, and
it illustrates how the relax-and-round principle can be implemented in this
non-quasilinear environment. The article highlights the types of assumptions necessary for truthful mechanisms with good approximation ratios in
an important class of non-quasilinear utility functions.
Keywords: Auctions/bidding, multi-agent systems, approximation
mechanisms
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1. Introduction
In auction theory, bidders are typically modeled as payoff-maximizing
individuals via a quasilinear utility function. If bidders have a quasilinear
utility function the Vickrey-Clarke-Groves (VCG) mechanism is the unique
mechanism to implement maximum welfare in dominant strategies (Green
and Laffont, 1979). These positive results do not allow for private budget
constraints (Dobzinski et al., 2012). However, there are markets where pure
payoff-maximization without budget constraints might just not be the right
assumption. For example, a large number of papers on digital advertising
auctions suggest that automated bidders in such auctions rather maximize
value subject to a budget constraint as in a knapsack problem (Feldman
et al., 2008; Berg et al., 2010; Zhou et al., 2008; Lee et al., 2013; Chen et al.,
2011; Zhang et al., 2014), which differs from payoff maximization assumed
in a quasilinear utility function. The papers are written by academics and
by authors working on display ad auctions in firms which are active in this
field.
For example, in display ad auctions individual user impressions on a
web site are auctioned off. Typically, the advertising firm provides an intermediary, a demand-side platform (DSP), with a budget for the overall
campaign and a value or willingness-to-pay for individual impressions. This
value might the profit from selling a product and a DSP is not allowed to
bid beyond, because he would incur a loss even if the product got sold. The
DSP provides autonomous agents bidding on behalf of the advertiser. The
advertising firm (or client of the DSP) typically considers the overall budget ci as sunk cost devoted to a campaign. In other words, the task of the
DSP is to invest the campaign budget such that the advertiser i’s sum of
P
valuations m
vij xij for m items is maximized subject to the total payPm j=1
ments j=1 pj xij ≤ ci , where xij ∈ {0, 1} describes the assignment of items,
j ∈ J, to bidders, i ∈ I. We refer to such bidders as knapsack bidders or
bidders having a knapsack utility function. The literature above is based on
this basic utility model. In this paper, we take the knapsack utility model
from the literature serious and ask whether there are truthful mechanisms
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maximizing welfare if bidders have such utility functions.
Knapsack utility functions are not only adequate for online markets
where supply or demand arrive dynamically over time, but also for conventional offline markets where supply and demand are all present at the
time when the market is cleared. For example, bidders (advertisers) on a
TV advertising market have similar characteristics, but ad slots in the program of a TV station are typically sold for certain periods of time such
as every week, rather than dynamically whenever a new impression arrives
(Goetzendorff et al., 2015; Nisan et al., 2009). Media agencies bidding in
such auctions can also be modeled as knapsack bidders. Maximizing value
subject to a budget constraint is actually wide-spread and also assumed in
classic micro-economic demand theory (Mas-Colell et al., 1995, p. 50). So,
our analysis might be relevant for other domains as well, but we motivate
the model assumptions primarily from the literature on advertising markets.
Mechanism design theory typically imposes incentive-compatibility and
individual rationality as constraints such that the resulting mechanism provides incentives to bid truthful and participants do not make a loss (Borgers et al., 2015). To implement a social choice function means to define a
mechanism where truthful bidding is in equilibrium. Ideally, the equilibrium
solution concept is prior-free, i.e., an agent does not need assumptions about
the type distribution. Dominant strategy equilibria for deterministic mechanisms, and truthfulness-in-expectation (TIE) for randomized mechanisms
are two such solution concepts used in this paper. Unfortunately, welfare
maximization with quasilinear bidders appears to be an exceptional environment where the social choice function (i.e., welfare maximization) can be
implemented in dominant strategies via the VCG mechanism. Also, randomized mechanisms for general preferences which are truthful-in-expectation
typically draw on the VCG payment rule (Lavi and Swamy, 2011).
A few papers study mechanism design with non-quasilinear utility models. Kazumura and Serizawa (2015) shows that there is no multi-object auction mechanism for heterogenous goods that is dominant strategy incentive
compatible and Pareto-efficient, even if only one bidder has multi-unit demands. Similarly, Baisa (2013) shows that if bidders have multi-dimensional
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types, there is no mechanism that satisfies (1) individual rationality, (2)
dominant strategy incentive compatibility, (3) ex-post Pareto efficiency, and
(4) weak budget balance for homogenous goods. The utility functions studied in this new line of mechanism design literature are general. For example,
Baisa (2013) only assumes that a bidder’s demand for the good increases as
her wealth increases for a constant price level and some level of risk aversion.
Utility functions with more specific assumptions might allow for more
positive results. Fadaei and Bichler (2017b) introduce a model of value
bidders who maximize the value of packages of items for which they are given
financial limits vi (S) reflecting their valuation that they must not overbid.
A value bidders’ utility function is ui (S) = vi (S) if pi (S) ≤ vi (S), and
ui (S) = −∞ otherwise, with S ⊆ J. The authors show that with a truthful
and deterministic mechanism for value bidders only an n-approximation can
be achieved, where n is the number of bidders. For randomized mechanisms
p
they describe a complex mechanism with a O( (m)) approximation ratio.
These results illustrate that without quasilinearity truthful mechanisms with
good approximation ratios might often not be feasible.
Knapsack bidders are a specific type of value bidders where bidders only
have additive package valuations up to an overall budget constraint they are
given. They want to maximize the total value for the budget they invest.
The main difference from value bidders to knapsack bidders is that the value
for packages of objects is additive, and therefore the results from Fadaei
and Bichler (2017b) extend. Let’s provide a simple example to illustrate
possibilities for manipulation (see Example 1).
Example 1. Consider two items A and B and two bidders and an auctioneer trying to maximize social welfare, i.e., the sum of bidder valuations and
the payments to the auctioneer. Bidder 1 has a value of $10 for A and $9
for B and a budget constraint of $10. Bidder 2 has a value and a budget
constraint of $9 for A only. Bidder 1 wants to maximize his value within
budget and will reduce his bid on B to zero. The auctioneer can sell item A
to bidder 1 and might leave B unsold. Prices are bounded by the valuations
and the overall budget. Independent of the price paid, the sum of bidder val-
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uations is $10 and therefore less than $18, the total of the allocation where
bidder 1 gets item B and bidder 2 gets item A.
Apart from item-level valuations there are a few assumptions where advertising markets in the field differ from the value bidders described in Fadaei
and Bichler (2017b): (1) bidders can only bid on objects individually, (2)
markets are large with many items and many bidders, and (3) prices are
determined by a second-price rule and considered as exogenous random variables by the bidders. Already Roberts and Postlewaite (1976) showed that
in large markets the ability of an individual player to influence the market
is minimal, so bidders should behave as price-taking agents. This is well
reflected in the literature on bidding in display ad auctions (see for example
Lee et al. (2013); Chen et al. (2011); Zhang et al. (2014)). Actually, prices
for an impression are very volatile across the day and across different types
of impressions and therefore very hard to predict in these markets (Ghosh
et al., 2009; Cui et al., 2011). We will use the term advertising model to
refer to large markets with many knapsack bidders and many objects, where
bidders consider prices as exogenous and behave as price-takers.
Even in a model where bidders cannot influence prices, truthful mechanisms are difficult to construct as we will show. Bidders have a choice
as to which objects they bid on and which objects they do not. This is
actually a key strategic decision of DSPs in display ad auctions with millions of impressions per day. Targeting strategies have assumed center stage
(Levin and Milgrom, 2010; McAfee, 2011), and they describe this strategic
choice of impressions by a bidder (Bergemann and Bonatti, 2011). Cream
skimming strategies refer to buying up the best impressions promising the
highest value for a particular advertiser, while lemons avoidance refers to
strategies avoiding the worst impressions (Abraham et al., 2013). In other
words, bidders only bid on high-valued impressions, but they pretend to
have no value for low-valued impressions or items, as they promise a lower
return on investment. If all bidders only revealed their preferences for a
small set of high-valued impressions, this might lead to a few good matches,
but would also have a negative impact on efficiency and seller revenues over-
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all (Levin and Milgrom, 2010). Many impressions would remain unsold. Our
advertising model is motivated by these real-world observations.
1.1. Contributions
In what follows, we want to study if there are truthful mechanisms with
a good approximation ratio for knapsack bidders in the advertising model.
We focus on offline markets, because if we cannot find truthful mechanisms
with good approximation ratios for this environment, then we cannot hope
for respective online mechanisms. Truthful online mechanisms are significantly more challenging, as we will discuss in the conclusions. In the offline model we actually get a positive result. We leverage insights from
matching theory and use randomization in the allocation rule to incentivize
truthful bidding. Interestingly, for knapsack bidders there is a randomized
4-approximate mechanism, which is much better than the n-approximation
for the general case of value bidders, who have a budget for each package
and cannot overbid.
Our paper nicely delineates the assumptions that are necessary for nondictatorial, truthful, and prior-free mechanisms in markets where quasilinearity cannot be assumed. While the assumptions in our advertising model
are realistic, a truthful mechanism with a 4-approximation is randomized
and rather complex. The analysis is important for market designers, because it suggests that truthfulness might be too demanding for markets
where knapsack bidders are an adequate utility model. This motivates the
analysis of equilibrium bidding strategies in simple, but non-truthful auction
mechanisms.
2. Related Literature
The literature on mechanism design without money is related to this paper. It is well-known that with general valuations, any non-dictatorial mechanism with at least three possible outcomes is not strategy-proof (Gibbard,
1973; Satterthwaite, 1975). Gibbard (1977) showed that every strategyproof mechanism is a lottery over deterministic mechanisms each of which
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either has not more than two alternatives or is dictatorial. Even with more
specific assumptions on the utility functions, truthful mechanisms appear to
be restricted to sequential dictatorships. For example, a number of papers
analyze specific assignment problems and bidders with responsive preferences, and show that only sequential dictatorships are strategy-proof and
Pareto-optimal (Svensson, 1999; Papai, 2001; Ehlers and Klaus, 2003; Hatfield, 2009).
Procaccia and Tennenholtz (2009) introduced the technique of welfare
approximation as a means to derive truthful approximation mechanisms
without money. There have been positive results for environments with limited private information. For example, a few related papers analyze truthful
mechanisms without money for a strategic variant of the generalized assignment problem (Dughmi and Ghosh, 2010; Chen et al., 2013; Fadaei and
Bichler, 2017a). The assumptions in these models are different in a number of details leading to differences in the algorithms, but they also use
approaches from matching and approximation as we do in our model.
There have been a number of recent papers about bidders with quasilinear utility functions and a private budget constraint, which is different to
the knapsack utility model considered in this paper. For example, Dobzinski
et al. (2012) showed that truthful and Pareto-optimal mechanisms without
positive transfers are impossible with private budget constraints. Other
authors have analyzed approximation mechanisms when bidders have quasilinear utility functions with a budget constraint (see for example Ashlagi
et al. (2010); Dütting et al. (2015); Talman and Yang (2014)). A knapsack
utility function is different from a quasilinear utility function with a budget
constraint, and this difference has ample consequences for auction design.
3. The Model
Let us now introduce knapsack bidders formally. First, we draw connections to the value bidders as they have been analyzed in the literature
and show that the welfare of truthful approximation mechanisms can be
very low in general. Then we make additional assumptions motivated by
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advertising markets and show that each of these assumptions impacts the
approximation ratios of truthful mechanisms.
3.1. Knapsack Bidders and Value Bidders
We have a set of m heterogeneous items (or objects) J, one seller 0, and
n bidders (or agents), I. Each bidder i ∈ I has a cardinal willingness-to-pay
or value vij ∈ R≥0 for any item j ∈ J. There is one copy of each item. We
describe the vector of valuations vij of a bidder i as vi ∈ Rm
≥0 . The values
n×m
vij are normalized with 0 for the empty set. We denote V ⊆ R≥0
as the set

of all possible valuation matrices. In addition to the willingness to pay or
value for one item, bidders face an overall budget constraint ci . In contrast to
mechanism design with quasilinear utility functions, where utility is defined
as valuation minus price of a bundle, we assume a knapsack utility function.
Definition 1. Given an allocation matrix X ∈ X ⊆ {0, 1}n×m , a price
n
matrix P ∈ P ⊆ Rn×m
≥0 , and a budget vector c ∈ R≥0 , the utility function


v t x , if pt x ≤ c ∧ ∀j ∈ J : p x ≤ v
i
ij ij
ij
i i
i i
ui (X, P ) =
−∞, else
is called knapsack utility function. Bidders with a respective utility function
are called knapsack bidders.
In this definition, xi is a binary vector describing the allocation for
bidder i where xij = 1 when bidder i wins item j. If we assume linear
and anonymous prices, then pi is the vector of payments pij = pj for all
items j ∈ J. Similar to the literature on quasilinear bidders with budgetconstraints (Dobzinski et al., 2008), we assume the budget ci as exogenously
given and focus on the strategies of knapsack bidders. As in the related literature on display ad auctions (see Introduction), bidder must not bid beyond
his value vij for an item, and the item value can be seen as an item-level
budget limit. Suppose, an advertiser is selling cameras which yield a profit
of 10$. The expected profit considering the conversion rate of an impression
can now determine the willingness-to-pay or value vij of the bidder. An
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advertiser does not want the DSP to bid more than vij as this would lead
to a loss, when selling the product to the end consumer.
Let us now define relevant terms from mechanism design for markets
with knapsack bidders. Based on the revelation principle, we focus only on
direct revelation mechanisms.
Definition 2. A (direct revelation) mechanism comprises an allocation
function f : V → X and a vector of payment functions p1 , ..., pn , where
pi : V → R≥0 defines the payments of bidder i.
We aim for incentive-compatible and prior-free mechanisms, i.e., truthful bidding is an equilibrium even without the availability of prior value
distributions.
Definition 3. A mechanism M = (f, P ) is called truthful if for every bidder
i, every V ∈ V and every vi0 ∈ Vi , if we denote x = f (vi , V−i ) and x0 =
f (vi0 , V−i ), then ui (x, p) ≥ ui (x0 , p0 ), with p and p0 being the prices in the
two allocations.
We are only interested in mechanisms which satisfy individual rationality, i.e., participation in the mechanism never makes the agent worse off.
The second-price rule typically used in display ad auctions satisfies this assumption. Our focus are truthful and prior-free mechanisms. We talk about
strategy-proofness if we have a deterministic mechanism and truthful bidding is a dominant strategy. For randomized mechanisms, we mainly focus
on truthfulness-in-expectation (TIE), which will be defined in Section 5.
We assume a neutral auctioneer who provides the exchange and aims
for welfare maximization for all participants. The buyers are the strategic
bidders in this exchange, and, as usual, we assume that the seller has a value
of zero for the items. But the knapsack utility function has a significant
impact on the social choice function. While in the quasilinear utility model
the prices of the items cancel out2 , for knapsack bidders payments (the
2

with quasilinear utility in case of assignment we have for bidders P
ui (j) = vij − pj
and
for
the
seller
u
s (j) = pj . Welfare is calculated as follows: SW =
i∈I,j∈J ui (j) +
P
P
P
j∈J us (j) =
i∈I,j∈j (vij − pj + pj )xij =
ij vij xij
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Bidder 1
Bidder 2
Bidder 3

A
6
4
3

B
4
3
0

ci
4
4
4

Table 1: Bidder values and and budgets.

utility of the sellers) need to be considered explicitly in a utilitarian social
P
choice function, such that we get j∈J,i∈I (vij + pj )xij .
Example 2. Consider an auction with three bidders with values and budgets
like in table ??. A welfare maximizing mechanism that does ignore the sellers
revenue at within the allocation would allocate item A to bidder 1 with price
of 4 and item B to bidder 2 with price 0. This leads to a welfare of 9 for
the bidders and a revenue of 4 for the seller, that is an overall welfare of
13. If we consider the sellers revenue already for the allocation, we would
assign item B to bidder 1 and A to bidder 2, each at a price of 3. Now the
bidders have a welfare of 8 and the seller a revenue of 6, that is an overall
welfare of 14. Hence, it is important for the goal of welfare maximization to
consider the sellers revenue as well as the bidders values.
Unfortunately, we cannot hope for good approximation ratios if value
bidders are allowed to submit bids on packages of objects. The extensive
proof for the n approximation for general markets in Fadaei and Bichler
(2016) yields that a truthful mechanism can only elicit a single package
value from each bidder. To avoid arbitrarily low approximation ratios, the
auctioneer needs to elicit the valuation for the bundle of all objects from
each bidder. The proofs in their model also hold for knapsack bidders who
are allowed to bid on packages of items and pay-as-bid.
3.2. The Advertising Model
Several assumptions from the model with value bidders do not carry
over to advertising auctions in the field, and the results with value bidders
might be too pessimistic. We define the advertising model, which adds three
assumptions:
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1. no package bidding is possible, and
2. the market is large with many items and many bidders, and
3. (linear) prices pj for each item are considered exogenous by bidders.
All three assumptions are met in display ad auctions, where bidders
cannot bid on packages of impressions, and the auctioneer uses a secondprice payment rule per impression. This assumption is also made in the
economics literature for large markets (Roberts and Postlewaite, 1976). Also
the literature on bidding strategies referenced in the introduction considers
prices as an exogenous variable (Chen et al., 2011; Zhang et al., 2014).
Let us outline the allocation problem of the auctioneer in an offline auction. This allocation problem (AP) can be described as a binary program,
where bidders (agents) i with a budget constraint ci have a value vij and an
anonymous and linear price pj for each item j.

Max
s.t.

XX
(vij + pj )xij

(AP)

i∈I j∈J

X

xij ≤ 1

∀j ∈ J

(Supply)

pj xij ≤ ci

∀i ∈ I

(Budget)

∀i ∈ I, j ∈ J

(Binary)

i∈I

X
j∈J

xij ∈ {0, 1}

The optimal solution to AP maximizes welfare in a market, if the auctioneer had access to the true valuations and budget constraints of the bidders.
A feasible assignment may allocate a subset of items S to bidder i such that
P
j∈S pj ≤ ci (see constraint Budget). A feasible assignment may assign
each item at most once (see constraint Supply). Note that this is a slightly
modified version (the parameter pj in the objective function) of the generalized assignment problem, which has an integrality gap of 2 (Shmoys and
Tardos, 1993). As indicated, we consider price as an exogenous variable for
our strategic analysis and study whether truthful and prior-free mechanisms
are possible at least in this model. In an online market, price pj could be
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determined via a second-price rule as in display ad auctions. In an offline
market, the auctioneer might simply determine a fixed price per type of
object based on the bid distribution. In order to emphasize the presence
of strategic knapsack bidders, we will use AMKB to describe the strategic
version of AP. We refer to AMKB -LP as the LP relaxation of AMKB . The key
decision of a knapsack bidder in the advertising model is whether to bid on
an item or not at all.
4. Deterministic Approximation Mechanisms
Let us first analyze deterministic approximation mechanisms. Example
2 is sufficient to show that a truthful and welfare maximizing mechanism is
not possible independent of the payment rule that we use in the presence of
knapsack bidders.
Example 3. Consider a market with two bidders and two items. Table
1 describes bidder valuations and their budget constraints. The allocation
maximizing value is to assign item B to bidder 1 and item A to bidder 2
with a total bidder value of 1 + 3ε. However, bidder 1 can increase his utility
to 1, by bidding on A only and pretending that his value for B is null. This
way the auctioneer allocates A to bidder 1 and B to bidder 2 with a total
value of 1+2ε. Thus, there cannot be a deterministic and welfare maximizing
mechanism that is also truthful.

Items
Bidder 1
Bidder 2

Valuations
A
B
1
4ε
1−ε
2ε

ci
1
1

Table 2: Bidder valuations, where bidder 1 can shade his value for B to win A.

Since we cannot hope for deterministic, truthful and welfare maximizing
mechanisms, we relax the the goal of maximizing welfare and look at deterministic approximation mechanisms. A mechanism returns (at most) an
α-approximation of the optimal if its value is always greater than or equal
12

to 1/α times the optimal value (α ≥ 1). We first give a strategyproof mechanism in Algorithm 1 and analyze afterwards, how well it performs in terms
of welfare. This serial dictatorship
n P
o(SD) mechanism sorts the bidders by
decreasing value of min ci , j vij . Then the algorithm maximizes the
sum of valuations for each bidder subject to the budget constraint, removes
the items allocated and the bidder and repeats until there is no bidder left.
Algorithm 1: The SD Algorithm
Input : Knapsack bidders I with private budgets ci and values V
for items J, prices p
n P
o
1 L is a list of bidders sorted by decreasing value of min
ci , j vij .
2
3

sj = 1, ∀j ∈ J
for all i ∈ L do
n

vit xi |

o
p
x
≤
c
,
x
≤
s
,
x
∈
{0,
1}
.
j
ij
i
ij
j
ij
j

P

4

Compute argmax

5

for j with xij = 1 do sj = 0
Output: assignment X

Lemma 1. Algorithm 1 is a strategy-proof mechanism for knapsack bidders.
Proof. The mechanism is truthful because a knapsack bidder cannot claim
a higher budget ci . These knapsack bidders can also not overbid. Shading
the budget ci , or hiding valuations for items to zero, only decreases their
ranking in the algorithm and cannot improve their allocation.

Unfortunatly, Algorithm SD can lead to low welfare in worst case.
Lemma 2. Algorithm SD achieves an approximation ratio not better than
m.
Proof. Consider a market with m+1 bidders and m items with pj ≤ 1 for all
j ∈ J. Table 2 describes bidder valuations and their budget constraints. In
this market, a deterministic and value-maximizing auction would allocate
P
item ji to bidder i. The welfare is m2 − m
i=1 εi . However, Algorithm 1
assigns first the most valued feasible set of items to bidder 0, since his sum
13

of valuations as well as his budget is greater than those of the other bidders.
That is, Algorithm 1 allocates all items to bidder 0 with a total utility of m
which implies an approximation ratio ≥ m.

Items
Bidder 0
Bidder 1
Bidder 2
..
.

j1
1
m − ε1
0
..
.

Bidder m

0

Valuations
j2
···
1
···
0
···
m − ε2 · · ·
..
..
.
.
···

0

jm
1
0
0
..
.

ci
m
m − ε1
m − ε2
..
.

m − εm

m − εm

Table 3: Bidder valuations.

Theorem 1. Algorithm SD is strategy-proof and it achieves an approximation ratio within Θ (m).
Proof. Lemma 1 shows that SD is strategy-proof. Based on Lemma 2, we
know that the approximation ratio for Algorithm 1 is within Ω (m). We
only have to show that the approximation ratio is within O (m).
We relax the algorithm in line 4 to allow for fractional solutions xij ∈
[0, 1] and construct a feasible dual solution with a value at most (m + 1)
times the value obtained by the relaxed algorithm. By calling the weak
duality theorem together with the integrality gap of 2 Shmoys and Tardos
(1993), the claim follows. Assume x is the outcome of the relaxed Algorithm
1. Using x we can construct a feasible solution to the dual of AMKB -LP.

Min
s.t.

m
X

ρj +

j=1

n
X

ci di

(AMKB -LPD)

i=1

ρj + pj di ≥ vij + pj , ∀i ∈ I, j ∈ J
ρ, d ≥ 0
Observe nthat in Algorithm
1 the bidders are sorted in decreasing oro
P
der of min ci , j vij . Wlog. let i1 , i2 , i3 , ..., in be the order of bidders
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computed by Algorithm 1. Furthermore, the algorithm assigns the current
bidder available (fractions of) items j in decreasing order of the density vij/pj
to maximize his utility. Note, that the price pj for item j is the same for all
bidders i ∈ I and therefore the ordering with respect to this density is the
same as to (pj +vij )/pj = vij/pj + 1. Initially, let ρ = ~0 and d = ~0. If item j
gets exhausted by assigning j to bidder ik , set ρj = pj + max { vil j | l ≥ k },
the highest valuation for items j over all bidders with a lower rank than
ik plus the price of item j. Furthermore, for all bidders i with exhausted
budget, set di = 1 + min { vij/pj | ∀j ∈ J : xij > 0 }, that is, one plus the
density of the last to i assigned item. This satisfies the dual constraint in
AMKB -LPD.

In particular, if the budget of bidder i is exhausted, then for

each item j (fractionally) assigned to bidder i, either j gets exhausted with
this assignment or does not. If j is exhausted we have ρj ≥ vij + pj and
therefore the constraint holds. If j is not exhausted, we have either that j
is the last assigned item and therefore di = vij/pj + 1, or j is not assigned to
i and therefore di ≥

vij/pj

+ 1; and the constraint holds as well. If bidder i

has residual budget, every item j which is assigned to it is exhausted by this
assignment. That is, we have ρj ≥ vij + pj and the constraint thus holds.
For every item j which is not assigned to the bidder but for which the bidder
has a positive valuation, we have ρj ≥ vij + pj , since the item is exhausted
due to the assignment to a bidder ik with higher rank than i, and we have
vij ≤ max { vil j | l ≥ k } = ρj − pj . In sum, we have constructed a feasible
dual solution using x, the allocation resulting from the relaxed Algorithm 1.
Now, we bound the value of the dual solution with respect to the priP
P
mal solution. First, we observe that
i,j di pj xij =
i,j (vij + pj )xij ≥
P P
i di
j pj xij , because di is only non-zero if the budget of bidder i is ex

hausted, di pj = 1 + min vij 0/pj 0 | ∀j 0 ∈ J : xij 0 > 0 pj ≤ (vij/pj + 1)pj =
vij + pj for items with xij > 0, and (pj + vij )xij = di pj xij = 0 for items
P
P
P
j with xij = 0. Second, we show that m i,j (pj + vij )xij ≥ j ρj i xij .
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Now we sum up both inequations and obtain
(m + 1)

P

i,j (vij

+ pj )xij
≥

P

=

P

j

j

ρj

P

ρj +

i xij

+

P

i di

P

j

pj xij

P

i di ci

P
Notice, only for items j which get exhausted ( i xij = 1) we have ρj > 0
P
and only for full bidders ( j pj xij = ci ) we have di > 0. The final term is
the value of the dual, the desired conclusion.
P
P
P
It remains to show that m i,j (vij + pj )xij ≥
j ρj
i xij .

Since

vij ≤ ci for all i ∈ I and j ∈ J we can observe, that (ρj − pj )xik j =
max { vil j | l ≥ k } xik j ≤ cik . This follows from the ordering of the bidders in Algorithm
1. For
with a o
lower rank than bidder ik we
n
o all bidders
n il P
P
have min cil , j vil j ≤ min cik , j vik j ≤ cik . That means either
P
vil j ≤ cil ≤ cik or vil j ≤ j vil j ≤ cik for all items j. That is, the assignment
of one item to bidder ik with dual price ρj − pj is always primal feasible as
well.3 The worst case is, that bidder ik gets all m items, but all these items
j have a high (dual) price ρj − pj such that ik can buy at most one of them
without violating his budget constraint. Since for all those items j of bidder
i ρj − pj ≤ ci , we have
P

i,j

vij xij

P
− pj ) i xij
P
P
P
P
= 1/m j ρj i xij − 1/m j pj i xij
≥ 1/m

P

j (ρj

≥

P

and therefore
P

i,j (vij

+ pj )xij

(vij + pj/m)xij
P
P
= i,j vij xij + 1/m j pj i xij
P
P
≥ 1/m j ρj i xij ,
Pi,j

the desired conclusion.
3

Since prices pj do not depend on the allocation and are the same for all bidders, a loss
in social welfare can only occur due to a sub-optimal assignment of the items to bidders if
all items are assigned. Hence, the dual prices ρj − pj can bee interpreted as opportunity
costs for the bidders.
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Algorithm 1 suggests that deterministic and truthful mechanisms yield
low welfare. It is straightforward to show that the ratio is tight for a market
with two knapsack bidders and two items only.
Proposition 1. No strategy-proof and deterministic mechanism for knapsack bidders exists with an approximation ratio better than 2 of the optimal
welfare for markets with two bidders and two items.
Proof. Consider a market with two bidders and two items. Table 3 describes
bidder valuations and their budget constraints. In this market, a deterministic and value-maximizing auction would allocate item 2 to bidder 1 and
item 1 to bidder 2. The welfare is 2 − 2ε. Bidder 1 can shade his bid for
item 2 to zero, such that only 1 would be allocated to him. That is, any
strategy-proof mechanism has to assign item 1 to bidder 1 before trying to
assign item 2, leading to an approximation ratio of 2. This is true for any
price pj ≤ 1 − ε.

Items
Bidder 1
Bidder 2

Valuations
1
2
1
1−ε
1−ε
0

ci
1
1−ε

Table 4: Bidder valuations.

We leave open a lower bound on the approximation ratio for truthful and
general markets with arbitrary numbers of bidders and items, which is challenging to show as the general result for value bidders suggests (Fadaei and
Bichler, 2016). However, a simple example suggests that also large markets
with knapsack bidders are susceptible to similar types of manipulation as
in the proof to Proposition 1 and this can lead to significant welfare losses.
Note that the example is a stylized form of cream skimming, which was
described as a wide-spread bidding strategy in display ad auctions in the
introduction.
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Example 4. Consider bidder 1 who has a value of $1 for 100 impressions of
type A and a value of $0.9 for 100 impressions of type B. His budget is $50.
Bidders 2 and 3 have a value of $0.5 for type A valuations and a budget of
$50. The welfare maximizing allocation would be to allocate A impressions
to either bidder 2 or 3 and the B impressions to bidder 1. Welfare would be
$190, the total of $90 from bidder 1 plus $50 from bidder 2 plus $50 for the
auctioneer, which is the payment of bidder 2 or 3, if we assume a secondprice rule. However, if bidder 1 does not bid on B impressions, he will be
awarded the A impressions and the welfare will only be $150, i.e., $100 for
bidder 1 and $50 for the auctioneer, which is the payment of bidder 1 with
a second-price rule. Bidder 1 would increase his utility from $90 for the B
impressions to $100 for the A impressions.
5. Randomized Approximation Mechanisms
We now resort to randomization as a means to improve the approximation guarantees, but first introduce some definitions. Let A denote a
randomized algorithm which takes instance (V, c) of AMKB and computes
X ∈ X , an assignment of items to bidders. The assignment is deterministic (each bidder receives a set of items), but algorithm A is randomized,
i.e., A returns a solution which is randomly chosen according to a probability distribution over feasible assignments. Truthfulness-in-expectation is a
solution concept for randomized approximation mechanisms.
Definition 4. A randomized algorithm A is said to be truthful-inexpectation (TIE) if we have for X ∼ A(V, c)

P
1. (feasibility)
∀j ∈ J : P
i∈I xij ≤ 1 = 1 and 
P
∀i ∈ I : P
j∈J pij xij ≤ ci ∧ ∀j ∈ J : pij ≤ vij = 1
2. (truthfulness) for any i and vi0 ∈ Rm
, we have
≥0
i
hP
i
hP
0
0
0
E
j∈J vij xij ≥ E
j∈J vij xij , where X ∼ A (vi ∪ V−i , c).
Note, the expected value of the bidder in both cases is computed with
respect to his true valuations. Random Serial Dictatorship (RSD) is a wellknown example of a randomized mechanism, but it is easy to see that the
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welfare of RSD can be arbitrary low. For example, RSD might first assign
all items to a bidder with low valuations and sufficient budget, although
other bidders have a much higher valuation. Therefore, our objective is to
propose a randomized algorithm A for AMKB which is truthful and always
returns a feasible assignment whose value approximates the optimal total
value as well as possible.
Our technique is a relax-and-round approach with oblivious rounding as
it has been used recently in the literature on approximation mechanisms
(Lavi and Swamy, 2011; Dughmi and Ghosh, 2010; Fadaei and Bichler,
2017a). We design a fractionally truthful approximation algorithm which
returns a feasible solution to AMKB -LP. A fractionally truthful algorithm
allocates fractional assignments to bidders i, and no bidder can improve
its fractional value by an untruthful report. In particular, a fractionally
truthful algorithm AF takes (V, c) and returns X ∈ X , a feasible solution to
AMKB -LP

vi0

∈

with the following property. For each bidder i, if the bidder reports
P
P
we have j∈J vij xij ≥ j∈J vij x0ij , where x0 = AF (vi0 ∪ V−i , c).

Rm
≥0 ,

Next, we round the fractional solution using a special rounding technique
which makes sure that each bidder obtains a fixed fraction of its fractional
value in expectation. The randomized meta-rounding (Carr and Vempala,
2000) is capable of maintaining this fixed fraction.
To use the randomized meta-rounding, we have to scale down the fractional solution by factor 2, which is the integrality gap of the AMKB -LP
(Shmoys and Tardos, 1993). Assuming X ∗ = AF (V, c), the randomized
meta-rounding represents

X ∗/2

as a convex combination of polynomially-

many feasible integer solutions. Looking at the provided convex combination
as a probability distribution over integer solutions, we sample a randomized
solution X ∈ X which is always feasible, and its expected value is 1/2 of the
fractional value of XF∗ . This is confirmed by Theorem 2, which has been
proved in related work by Dughmi and Ghosh (2010).
Theorem 2. (Dughmi and Ghosh, 2010) If there exists a fractionally truthful α-approximation algorithm for AMKB , then there exists a TIE (2α)approximation solution for AMKB .
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Even though, their model is different, we can draw on this theorem. We
propose Algorithm 2, an adaptation of the Deferred Acceptance algorithm
by Gale and Shapley (1962). In Algorithm 2 all bidders with a positive
budget submit a bid for the item with the highest density

vij/pj

from their

preference list (Pref ) and delete this item from this list. Afterwards, all
items j ∈ J sort their list of not rejected bids (Bj ) according to the value
of the bids, and accept all (fractional) bids until their supply (sj ) of 1 is
exhausted. If the current item j has sufficient residual supply to store the
whole amount of the current bid bij , we assign (temporary) j to i but only
that fraction that the bidder is still able to pay (line 13).
If the supply of j is still not zero, but not high enough to store the whole
bid, we assign i only the available fraction of j (line 19). If the supply of
j is exhausted, we reject the bid finally (line 18), since the threshold for
assignment weakly increases each iteration. If no bidder can submit a new
bid, the algorithm terminates and returns the assignment matrix X.
Lemma 3. Algorithm 2 is truthful.
Proof. Knapsack bidders only bid 0 or their true value. Since bidders propose to items in decreasing order of the density vij/pj , hiding values can only
lead to an assignment to items with a lower density, and therefore decrease
the utility of a bidder. Therefore, knapsack bidders have no incentives to
hide valuations. Next, we discuss the budget ci . A knapsack bidder must
not spend more than ci . If a bidder reports a lower ĉi < ci there are two
possible cases. If ĉi is not exhausted during the process, it does not have an
impact on the allocation computed by the algorithm. If ĉi becomes binding,
it can only restrict the assignment of additional items to a bidder, which
would otherwise have been possible, and therefore decrease the total sum
of valuations of a bidder. That is, Algorithm 2 is truthful for knapsack
bidders.
Lemma 4. Algorithm 2 returns a 2-approximation solution to AMKB -LP.
Proof. Based on the proof of Proposition 1, we know that an approximation
ratio better than 2 is impossible. We only have to show that it is not worse
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Algorithm 2: Fractional Deferred Acceptance Algorithm for Knapsack Bidders.
Input : Knapsack bidders I with private budgets ci and values V
for items J, prices p
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

xij = 0, ∀i ∈ I, j ∈ J
Prefi = { j | vij > 0, j ∈ J } , ∀i ∈ I
Bj = ∅, ∀j ∈ J
while (∀i ∈ I, ci > 0 : Prefi 6= ∅) do
for all i ∈ I with ci > 0 do
j = argmax { vij/pj | j ∈ Prefi }
bij = vij
Prefi = Prefi \ j, Bj = Bj ∪ bij
for all j ∈ J do
sort Bj according to bij , sj = 1
for all bij ∈ Bj do
ci = ci + pj xij , xij = 0
if (sj − min { 1, ci/pj } ≥ 0) then
xij = min { 1, ci/pj }
sj = sj − min { 1, ci/pj }
ci = ci − min { pj , ci }
else
if (sj = 0) then Bj = Bj \ bij
xij = sj
ci = ci − pj sj , sj = 0
Output: assignment X

than 2. For this, we construct a feasible dual solution with a value at most
twice the value obtained by the algorithm, then by calling the weak duality
theorem, the claim follows. Assume x is the outcome of Algorithm 2. Using
x we can construct a feasible solution to the dual of AMKB -LP.
Observe that in Algorithm 2 a bidder i proposes items in decreasing order of the density
ing order of vij .

vij/pj ,

and item j examines bids in decreas-

Since pj is the same for all bidders i, the ordering

of the bids at an item j according to vij/pj is the same as to vij and
vij + pj . Initially, let ρ = ~0 and d = ~0. If item j gets exhausted,
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set ρj = vik j + pj , where ik = argmin { vij | ∀i ∈ I : xij > 0 }. Furthermore, for all bidder i with exhausted budget, set di =
jk = argmin

{ vij/pj

vijk/pj

k

+ 1, where

| ∀j ∈ J : xij > 0 } is the last item assigned to bidder i.

This satisfies the dual constraint in AMKB -LPD. In particular, if the budget
of bidder i is exhausted, then for each j of bidder i, either j gets exhausted
with this assignment or does not. If j is exhausted we have ρj = vij + pj and
therefore the constraint holds. If j is not exhausted, we have di ≥ vij/pj + 1
and thus the constraint holds as well. If bidder i has residual budget, every
item j which is assigned to it is exhausted by this assignment. That is, we
have ρj = vij + pj and the constraint thus holds. For every item j which is
not assigned to the bidder but the bidder has a positive valuation, we have
ρj ≥ vij +pj , since the item is exhausted due to another assignment vi0 j ≥ vij
which is equivalent to vi0 j + pj ≥ vij + pj . In sum, we have constructed a
feasible dual solution using x, the allocation resulting from Algorithm 2.
Now, we bound the value of the dual solution with respect to the primal
P
P
P
solution. First, we observe that
i,j (vij + pj )xij ≥
j ρj
i xij , since
P
ρj is non-zero only if j is fully assigned. Second,
i,j (vij + pj )xij ≥
P P
i di
j (pj xij ), because di is only non-zero if the budget of bidder i is
exhausted, and then it holds di pj ≤ (vij/pj + 1)pj = vij + pj for all j with
xij > 0. Now we sum up both inequalities and obtain
2

P

i,j (vij

+ pj )xij

≥

P

=

P

j

j

ρj

P

ρj +

i xij

+

P

i di

P

j

pj xij

P

i di ci

P
Notice, only for item j which get exhausted ( i xij = 1) we have ρj > 0
P
and only for full bidder ( j pj xij = ci ) we have di > 0. The final term is
the value of the dual, the desired conclusion.
Finally, we use Theorem 2 together with Lemma 3 and 4 and obtain the
following.
Theorem 3. There exists a TIE 4-approximation mechanism for the AMKB
with strategic bidders.
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6. Conclusions
Arguments for second-price auctions in advertising markets are often
based on the standard assumption of quasilinear utility functions. Based on
literature about bidding strategies, quasilinearity does not appear to be an
adequate model for bidding agents in these markets. Rather agents try to
maximize the total sum of valuations subject to an overall budget that is
devoted to a campaign. Mechanism design tries to devise auctions where
truthful bidding is an equilibrium. This is typically hard to achieve in environments, where bidders do not have quasi-linear utility functions and their
types are multi-dimensional. We have explored possibilities for truthful
approximation mechanisms with knapsack utility functions in large advertising markets. An offline version of this environment allows for truthful
4-approximate mechanisms. The paper highlights the types of assumptions
which allow for truthful mechanisms in an offline market.
It is interesting to understand the approximation ratio of truthful online
mechanisms as, for example, display ads need to be sold one at a time and
allocation and pricing need to be decided dynamically. Online mechanisms
are often analyzed in the adversarial setting with items arriving in the worst
possible order. The approximation ratios achieved in this paper for the offline environment can be seen as lower bounds on what can be achieved with
truthful online mechanisms. Online mechanism design is, however, much
less well understood even with quasilinear utility functions, and only recently truthful mechanisms were designed. Typically, the literature assumes
unit-demand bidders and only a few papers deal with multi-unit demand
assuming homogeneous goods and quasilinear utility functions. Devanur
et al. (2015) analyzed online mechanisms for quasilinear bidders who have
preferences for multiple heterogeneous items arriving over time. They show
that there is no deterministic truthful and individually rational mechanism
that gets any finite approximation factor to the optimal social welfare, even
if payments can be computed after all items arrived. We conjecture that
the design of truthful online mechanisms will be as challenging for knapsack
bidders, but leave this question for future research.
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Shmoys, D.B., Tardos, É., 1993. An approximation algorithm for the generalized assignment problem. Mathematical Programming 62, 461–474.
Svensson, L.G., 1999. Strategy-proof allocation of indivisible goods. Social
Choice and Welfare 16, 557–567.
Talman, A., Yang, Z., 2014. An Efficient Multi-Item Dynamic Auction with
Budget Constrained Bidders. volume 44.

27

Zhang, W., Yuan, S., Wang, J., 2014. Optimal real-time bidding for display
advertising, in: Proceedings of the 20th ACM SIGKDD International
Conference on Knowledge Discovery and Data Mining, ACM, New York,
NY, USA. pp. 1077–1086.
Zhou, Y., Chakrabarty, D., Lukose, R., 2008. Budget constrained bidding in
keyword auctions and online knapsack problems, in: Internet and Network
Economics. Springer, pp. 566–576.

28

